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PREFACE. 

I HAVE endeavoured in the following Treatise to exhibit the 
subject in a simple manner for the benefit of beginners, and 
at the same time to include in one volume all that students 
usually require. In addition, therefore, to the propositions 
which have always appeared in such treatises, I have intro- 
duced the methods of abridged notation, which are of more 
recent origin ; these methods which are of a less elementary 
character than the rest of the work, are placed in separate 
chapters, and may be omitted by the student at first. 

The examples at the end of each chapter, will, it is hoped, 
ftimish sufficient exercise on the principles of the subject, 
as they have been carefully selected with the view of illus- 
trating the most important points, and have been tested by 
repeated experience with pupils. At the end of the volume 
will be found the results of the examples, together with hints 
for the solution of some which appear difficult. 

The properties of the parabola, ellipse, and hyperbola, have 
been separately considered before the discussion of the general 
equation of the second degree, from the belief that the subject 
is thus presented in its most accessible form to students in 
the early stages of their progress. 
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VI PBEFACS. 

In the second edition the work has been revised and some 
additions have been made both to the text and to the exam- 
ples; the hints for the solution of the examples have also been 
considerably increased. 

Moirck, 1858. 

In the third edition some articles which experience proved 
to be difficult for students have been simplified and improved, 
and a few additional illustrations have been introduced. In 
consequence of the demand for the work proving much greater 
than had been originally anticipated, a large number of copies 
has been printed, and a considerable reduction effected in the 
price. 

January, 1862. 
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PLANE CO-ORDINATE GEOMETRY. 



CHAPTER I. 

CO-ORDINATES OP A POIN*. 

1. In Plane Co-ordinate Geometry we investigate the 
properties of straight lines and curves lying in one plane 
by means of co-ordinates ; we commence by explaining what 
we mean by the co-ordinates of a point. 



c 


> 


Y 

N 


P 






/ 


M 


X' 

8 


/ 


O 











Let be a fixed point in a plane through which the lines 
X!OX, TOY^ are drawn at right angles. Let P be any 
other point in the plane; draw PM parallel to OF meeting 
OX in M, and PN parallel to OX meetine OY in N. The 
position of P is evidently known if OM and ON are known • 
for if through N and M lines be drawn parallel to OX and 
OF respectively, they will intersect in P. 

The point is called the origin; the lines OX and OY 
are callea ax^; OM is called the abscissa of the point P; a^d 

T. C. & 1 



2 CO-ORDINATES OF A POINT. 

ON^ or its equal MPy is called the ordinate of P. Also OM 
aad MP are together called co-ordinates of P. 

2. Let OJf = a, and ON^ J, then according to our defi- 
nitions we may saj that the point P has its abscissa equal to a, 
and its ordinate equal to b; or, more briefly, the co-ordinates of 
the point P are a and b. We shall often speak of the point 
which has a for its abscissa and b for its ordinate, as the 
point (a, b). 

3. ' A distance measured along the axis OX is however 
most frequentlj denoted by the symbol x^ and a distance 
measured alon^ the axis UY hj the symbol y. Hence OX 
is called the axis of a;, and OY die axis of y. Thus x and y 
are symbols to which we may ascribe different numerical 
values corresponding to the different points we consider, and 
we may express the statement that the co-ordinates of P are 
a and 6, thus ; for the point P^x^a and y^b. 

4. The lines X OX, TOY, being indefinitely produced 
divide the plane in which they lie into four compartments. 
It becomes therefore necessary to distinguish points in one 
compartment from points in the others. For this purpose 
the following convention is adopted, which the reader has 
already seen in works on Trigonometiry ; lines measured along 
OX are coriAiAsx^A. positive and along OX' negative; lines 
measured along 01: are considered positive, and along OY' 
negative. (See Trigonometry , Chap, iv.) If then we pro- 
duce PN to a point Q such that NQ^NPy we have for the 
Sint Q, 05 = — a, y = J. If we produce Pif to JB so that 
R = MPy we have for the point ^, a? = a, y = — J. Finally 
if we produce PO to iS so that 05= OP^ we have for the 
point iO, 05 = — a, y = — J. 

6. In the figure in Art. 1 we have taken the angle YOX 
a right angle ; the axes are then called rectangular. If the 
angle YOX be not a right angle, the axes are called oblique. 
All that has been hitherto said applies whether the axes are 
rectangular or oblique. We shall always suppose the axes 
rectangular unless the contrary be stated ; this remark applies 
both to our investigations and to the examples which are given 
for the exercise of the student. 
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6. Another method of determining the position of a point 
in a plane is hj means oijpolar co-ordinates. 




Let be a fixed point, and OX a fixed line. Let P be 
any other point; join OP; then the position of Pis determined 
if we know the angle XOP and the distance OP. The angle 
is nsually denoted by and the distance by r. 

is called the pole, OX the initial line; OP the radita 
vector of the point Jr, and POX the vectorial angle, 

7. Hie position of any point miffht be expressed by 
positive values of the polar co-ordinates and r, since there 
IS here no ambiguity corresponding to that arising from the 
four compartments of the figure in Art. 4. It is however 
found convenient to use a similar convention to that in 
Art. 4 ; angles measured in one direction from OX are con-* 
sidered 2>o^Wt;e and in the other negative. Thus if in the 
figure XOP be a positive angle, XOQ will be a neaative 
angle; if the angle XOQ be a quarter of a right angle, we 

may say that for XO^, ^~"' 8* I* is, as we have stated, 
not absolutely necessary to introduce negative angles, but ctm- 
veniemt; the position of the line OQ^ for instance, might be 
determined by measuring from OX in the po£(itive direction 

anangle=27r— ^ as T^ell as by measuring an angle in the 
negative direction = — . 

o 

Also positive and negative values of the radius vector are 
admitted. Thus, suppose the co-ordinates of P to be j and a^ 

1—2 



4 CO-OBDINATBS OF A POINT, 

that is, let XOP=^ and OP=a; produce PO to P', so 

that OP == OP, then P* may be determined hj saying its 

co-ordinates are — and — a. Thus when the radius yector is a 

negative quantity, we measure it on the same line as if it had 
been a positive quantity but in the opposite direction from 0. 

Hence if /9 represent any angle and c any length the same 
point is determined by the polar co-ordinates fi and — c as by 
the pokr co-ordinates tt + p and c. 

8. Let as, y denote the co-ordinates of P refeired to OX 
as the axis of x, and a line through perpendicular to OX as 
the axis of ^. Also let and r l^ the polar co-ordinates of P. 
If we draw from P a perpendicular on OX, we see that 

0? s= r cos d, and y = r sin d. 

These equations connect the rectangular and polar co-ordi- 
nates of a point. From them, or from the figure, we may 
deduce 

aj» + y*=f^, 2^ = tan^, 

9. We i)roceed to investigate expressions for some geome- 
trical quantities in terms of co-ordinates. 

To find an eitpression for the length of the line joining two 
points. 




Let P and Q be the two points; © the inclination of the 
axes OX, OY. Draw P4f, QN parallel to 0Y\ let x^, y^ be 



LEKaXH OF A LINE. 5 

the co-ordinates of P, and j^, y,, those of Q. Draw PR 
parallel to OX. Then, hj Trigonometry, 

P(f^PBf+QIP^2PR.QBQosPBQ 

^PB?-\^ QIP + 2PB. QBcoBo). 

But PB = a?, — aj^, and QB^y^^-y^i therefore 

i'G'=(a?,-a?J"+(y.-yJ' + 2(a;,-ajJ(y.-y,)co8Q>...(l), 
and thus the distance PQ is determined. 

If the axes are rectangular, we ha^e 

P<2' = (x.-xJ« + (y.-yJ« .....(2). 

The student should draw figures placing P and Q in the 
different compartments and in different positions ; the equa- 
tions (1) and (2) will be found universally true. 

From the equation (2) we have 

P^=a?,"+y,»+<+y."-2(aj,aj. + y^^ .;.... (3). ^ 

The following particular cases may be noted. 

If Pbe at the origin a;^ = andy^eO; thus 
PCr^x^'^yi. 

If Pbe on the axis of a; and Q on the axis of y, y^^O and 
a;,s=0; thus 

Let 0^y r^ be the polar co-ordinates of P, and d^, r, those 
of Q; then, by Art. 8, 

a?j = rj cos^„ y, = rjsind„ 

x^ = T^ COS d,, y, = r, sin 0^. 

Substitute these values in (3) and we have 

P^^rj» + r;-2r,r.cos(^,-^J. 

This result can also be obtained immediately from the iri* 
angle POQ formed by drawing lines from P and Q to the 
origin. 
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10. To find the cthordinatee cfihe paint which dimies in 
a given ratio the line joining two gtvenjmnta. 




Let A and B be the given points, a?,, y, Ae co-ordinates 



juet -A ana jf oe tne given points, a?,, y, tne co-ordinates 
of .^, laid o;^, y, those of J9; and let the required ratio be 
that of Wj to n,. Suppose (7 the required point, so that 
AC: CB :: n^ : w^ Draw the ordinates AL, BM, CN; and 
AE parallel to OA meeting CN in JD. Let a?, y be the co- 
ordinates of C» 

It is obvious from the figure that 



LN _AD_AC 
NM^DR^ CB' 



that is, 



Similarlj, 



* : 



n« 



w, + n. 



* «! + »». 

In tiiis article the fixes m&j Ibe oblique or rectangolar. A 
simple case is that in which we require the co-ordinates of the 
point midway between two given points ; then n^ =in, and 



AREA OF A TRIANGLE. 



11. To eaepresa the area of a triangle in terms of the co^ 
ordinates of its angular points. 

Let ABC be a triangle; let os^,yL he the eo'ordinates of 
A ; x^y y, those o{ B; x^, y, those of U. Draw the ordinates 
ALf Bm, CN. The area of the triangle is equal to the 
trapezium ABML + trapezium BGNM-^ trapezimn A CNJL 




The area of the trapezium ABML is ^LMiAL-^- BM). 
This is obvious, because if we join BL we divide the trape- 
zium into two triangles, one having AL for its base and the 
other BMy and each having LMiot its height; 

thus, trapezium ABML = i (a?, — «i) (^1+^1); 
also, trapezium BGNM= \ [x^ — x^ (y, + y^ ; 

and, trapezium ^C^X=:i(a?3-aJi)(yi + y,); 

therefore triangle ABC 

This expression may be written more symmetrically thus ; 
i{(a?t-«i) (y«+yi) + (aJ.-ajJ (y3+y,) + (a?,-aj,)(y,+y,)}...(l). 

By reducing it, we shall find the area of the triangle 

=^4Kyi"aj,yt + ^8y,"aj,y, + a;,y3~rc3y,} (2). 

If the axes be oblique and inclined at an angle w, the area 
of the trapezium ABmL = ^LM{AL + BM) sin go, and simi- 
larly for the other trapeziums. Thus the area of the triangle 
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-mil be found by multiplying the expressions given above 
by sin to. 

However the relative situations of ^, B, G may be changed, 
the student wiU always find for the area of the triangle the 
expression (2), or that expression with the sign of every term 
changed. Hence we conclude, that we shall always obtain 
the area of the triangle by calculating the value of the expresr 
sion (2), and changing the sign of the result if it should prove 
negative. 

Locus of an eqtiation. Equation to a curve. 

12. Suppose an equation to be given between two unknown 
quantities, tor example, y — a? - 2 = 0. We see that this 
equation has an indefinite number of solutions, for we may 
assign to x any value we please, and from the equation deter- 
mine the correspondiuj^ value of y. Thus corresponding to 
the values 1, 2, 3, ... ofo;, we have the values 3, 4, 5, ... of y. 
Now suppose a line, straight or curved, such that it passes 
through ei>ery point determined by giving to x and y values 
that satisfy the equation y — a? — 2 =0; such a line is called 
the locus of the equation. It will be shewn in the next 
chapter that the. locus of the equation in question is a straight 
line. We shall see as we proceed that generally every equa- 
tion between the quantities x and y has a corresponding locus. 

But instead of starting with an equation and investigating 
what locus it represents, we mav give a geometrical definition 
of a curve and deduce from mat definition an appropriate 

S nation ; this will likewise appear as we proceed; we shall 
ke successivelv different curves, define them, deduce their 
equations, and then investigate the properties of these curves 
by means of their equations. We shall in the next chapter 
begin with the equation to a straight line. 

The connexion between a locus and an equation is the 
ftmdamental idea of the subject and must therefore be carefully 
considered ; we shall place here a formal definition which we 
shall illustrate in the next chapter by applying it to a straight 
line. 

Def. The equation which expresses the invariable rela- 
tion which exists between the co-ordinates of every point of 
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a curve is called the equation to the cunre ; and the curve, the 
co-ordinates of every point of which satisfy a given equation, 
is called the locus of that equation. 

13. The student has probably already become familiar 
with the division of algebraical equations into equations of 
the first, second, third... degree. When we speak of an 
equation of the n^ degree between two variables we mean 
that every term is of the form Aafy^ where a and /8 are zero 
or positive integers such that a + /8 is equal to n for one or 
more of the terms but not greater than n for any term, and A 
is a constant numerical quantity ; and the equation is formed 
by connecting a series of such terms by the signs + and — , 
and putting the result = 0. 

EXAMPLES. 

1. Find the polar co-ordinates of the points whose rect- 
angular co-ordinates are 

(1) a:=:l, y = l; (2) aj = -l, y = 2; 

(3) aj = -l, y = l; (4) aj = -l, y = -l; 

and indicate the points in a figure. 

2. Fiild the rectangular co-ordinates of the points whose 
polar co-ordinates are 

(1) (?=|,.t. = 3; (2) ^=-|,r=,3; 

(3) ^«J, r = -3; (4) ^=-|,r»-3; 

and indicate the points in a figure. 

3. The co-ordinates of P are — 1 and 4, and those of Q are 
3 and 7 ; find the length of PQ. 

4. Find the area of the triangle formed by joining the 
first three points in question 1. 

5. .^ is a point on the axis of x and B a point on the 
axis of y ; express the co-ordinates of the middle point of 
AB in terms of the abscissa of A and the ordinate of ^; shew 
also tiiat the distance of this point from the origin = \ AB. 



10 KTAMPTJaak 

6. Traimform equation (2) of Art. 11 so as to give an 
eacpression for the area of a triangle in terms of the polar 
co-ordinates of its angular jxnata. Also obtain the result 
directly from the fignre. 

7. A and B are two points and is the origin ; express 
the area of the triangle A OB in terms of the co-ordinates of 
A and B^ and also in terms of the polar co-ordinates of A 
and B. 

8. AyB^C Kt^ three points the co-ordinates of which are 
expressed as in Art. 11 ; suppose D the middle point of AB; 
join CD and divide it in G so that CQ = 2GI); find the 
co-ordinates of Q. 

9. Shew that each of the Iriangles GAB, OBG, GAG, 
formed by joining the point G in the preceding cj^uestion to 
the points A, B, C7, is equal in area to one-third of the 
triangle ABC. See Art. 11. 

10. A and B are two points ; the polar co-ordinates of A 
are flj, r^ ; and those of 5 are 5„ r,. A line is drawn from 
the origin bisecting the angle A OB; if (7 be the point 
where this line meets AB shew that the polar co-ordinates 

of (Tare 5 = i (^. + «J and r = ?r.!i^2^ifc^. 

r^ + r^ 

11. Find the value of GB^ and AB^ in question 8 in 
terms of the co-ordinates there used ; and shew tnat 

AG'-^BG^^2CBI'+2ABI'. 

12. Find the value of GA\ Gff, and GG*, in question 9 
in terms of the co-ordinates there used ; and shew that 

3 {GA'+ GB'+ GG^ :=^AB'+BG'+ GA\ 
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CHAPTER n. 

ON THE STRAIGHT LIKE. 
14. To find the equation to a straight line. 




We shall first suppose tlie line not parallel to either axis. 

Let ABD be a straieht line meeting the axis of y in ^« 
Draw a line OE through the origin parallel to ABB. In 
ABB take any point P; draw FM parallel to OY^ meeting 
OX'inif and OE m Q. 

Suppose OB^Cy and the tangent of EOX=m; and let 
x^yhe the co-ordinates of P; then 

y = PM=PQ-^QM 

:=c+ OMtsn QOM 
ssc + mx. 
Hence the required equation is 
y^mx + c. 
OB is called the intercut on the axis of y ; if the line 
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EQUATION TO A STRAIQHT LINE. 



crosses the axis of y on the negative side of 0, c will be 
negative. 

We denote by m the tangent of the angle QOM or BAOj 
that is, the tangent of the angle which that part of the line 
which is above the axis of x makes with the axis of x pro- 
duced in the positive direction. Hence if the line through 
the origin parallel to the given line falls between OYemA OXj 
m is the tangent of an acute angle and is positive ; if between 
OY and OX produced to the left, m is the tangent of an 
obtuse angle and is negative. So long as we consider the 
same straight line m and c remain unchangeable, they are 
therefore called constant quantities or constants. But x and 
y may have an indefinite number of values since we may 
ascribe to one of them, as Xy any value we please, and find 
the corresponding value of y from the equation y == mx + c ; 
X and y are therefore called vaariahle quantUies or variables. 

If Uie line pass through the origin, = 0, and the equation 
becomes 

y^mx* 

15. We have now to consider the cases in which the line 
is parallel to one of the axes. 

If the line be parallel to the axis o£ x^ m » 0, and the 
equation becomes 

y = c. 

If the line be parallel to the axis of y, m becomes the 
tangent of a right angle and is infinite ; the preceding investi- 
gation is then no longer applicable. We shall now give 
separate investigations of these two cases. 

To investigate the equation to a line parallel to one of the 
axes* 
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EQUATION OF THE FISST DEQfiEE, 13 

First suppose tlie line parallel to the axis of x. Let BG 
be the line meeting the axis of y in 5; suppose OB^h. 

Since the line is parallel to the axis of x, the ordinate PM 
of any point of it is eqnal to OB. Hence calling y the 
ordinate of any point P, we have for the equation to the line 

y = J. 

Next suppose the line parallel to the axis of y. Let AD 
be the line meeting the axis of a; in .^ ; suppose OA = a. 
Since the line is parallel to the axis of y, the abscissa of any 
point of it is OA, Hence calling x the abscissa of any point, 
we have for the equation to the Ime 

x = a. 

16. We have thus proved that any straight line whatsoever 
is represented by an equation of the first degree; we shall 
now shew that any equation of the first degree with two 
variables represents a straight line. 

The general equation of the first degree with two variables 
is of the form 

Ax + By+C=-0 (1), 

A, B, G being finite or zero. 

First suppose B not zero ; divide by jB, then from (1) 

O A , . 

y-^-BS'' (^)- 

Now we have seen in Art. 14, that if a line be drawn 

G 
meeting the axis of y at a distance — -^ from the origin 

and making with the axis of a; an angle of which the tangent 

is — -g, then (2) will be.the equation to this line. Hence (2), 

and therefore also (1), represents a straight line. 

If ^ = 0, then by Art. 15 the line represented by (1) is 
parallel to the axis of a;. 

If 5= 0, then (1) becomes 

^a?+C=0, 
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aja — 



a 



and from Art. 15 we know that thig equation represents a line 
parallel to the axis of y. 

Hence the equation Ax + jBy + G^ always represents a 
straight line. 

17. Equation in terma of the intercepts. The equation to 
a line may also be expressed in terms of its intercepte on the 
two axes. 

Y 




Let A and B be the points where the straight line meets 
the axes of x and y respectively. Supipose OA = a, OB^l. 
Let P be any point in the line \ x, y its co-ordinates ; draw 
PM parallel to F. Then by similar triangles, 



that is, 



18. It will be a useful exercise for the student to draw the 
straight lines corresponding to some given equations. Thus 
suppose the equation 2y + 3a; = 7 prop(»ed; since a straight 
Ime is determined when two pf its pomts are known, we may 
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EXAMPLES OF STBAIOHT LINES. 15 

find in an^ manfier we please two points that lie on the line, 
and by joining them obtain the line. Suppose then x = l, it 
follows from tne equation that ^ » 2 ; hence the point which 
has its abscissa » 1 and its ordinate = 2 is on the line. Again, 
suppose 0? = 2, then y =<= ^ ; the point which has its abscissa 
= 2 and its ordinate = ^ is therefore on the line. Join the 
two points thus determined and the line so formed, produced 
indennitely both ways, is the locus of the given equation* 
The two points that will be most easily determined are 
generally those in which the required line outo the axes. 
Suppose x = in the given equation, then y=^^i that is, the 
line passes through a point on the oasts of y at a distance \ 
&om the origin. Again, suppose y = 0, then x^\^ that is, the 
line passes through a point on the axis of x dX ^ distance 
^ from the origin. Join the two points thus determined, and 
the Hne so formed, produced indefinitely both ways, is the 
locus of the given equation. What we have here ascertained 
as to the points where the line cuts the a^is, ma^ be obtained 
immediately from the equation ; for if we write it in the form 



3ie 

7 


lation 


-1, 

in J 


X 

a 


-1- 


1, 



we see that a = } and h = \. 

A^ain, suppose the equation y^x proposed. Since this 
equation can be satisfied by supposing aj = and y = 0, the 
origin is a point of the line which the equation represents ; 
therefore we need only determine one other point in it. Sup- 
pose 0? s 1, then y = 1 ; here another point is determined and 
the line can be drawn. The line may also be constructed by 
comparing the given equation with the form in Art. 14, 

y=^mx. 

This we know represents a line passing through the origin 
and making with the axis of x an angle of which the tangent 
is m. Hence v=^x represents a line passing through the 
origin and inclined at an angle of 45^ to the axis of a;. 
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Similarly the equation v » — » repieflenta a line inclined to 
the axis of x at an angle of which the tangent ia — 1 ; that is, 
at an angle of 135®. Hence this equation represents a line 
through P bisecting the angle between OY and OX pro- 
duced to the left in me figure to Art. 14. 

19. The student is recommended to make himself tho* 
roughly acquainted with the previous Articles before proceed- 
ing with the subject. In Algebra the theory of inde^rminate 
equations does not usually attract much attention, and the 
student is sometimes perplezed on commencing a subject in 
which he has to consider one equation between two unknown 
quantities, which generally has an infinite number of solu«* 
tions. 

Our principal result up to the present point is, that a straight 
line corresponds to an equation of the first degree, and the 
student must accustom himself to perceive the appropriate 
line as soon as any equation is presented to him. The line 
can be determined by ascertaining two points through which it 
passes, that is, by finding two points such that the co-ordinates 
of each satisfy the given equation, and the line being thus 
determined, the co-ordinates of any point of it will satisfy 
tiie given equation. 

20. Equation to a straight line in terms of the perpendicular 
from the origin^ and the inclination of this perpendicular to the 
axis. ' 
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Let OQ be the perpendicular from the origin on a 
line AB, Take any point P in the line; draw PM per- 
pendicular to OA^ JfK^perpendicular to OQj and PB perpen- 
dicular to JKAT/ Suppose OQ—p^ tod the angle QuA = a. 
Let Xj y be the co-ordinates of P; then 

^OMco&QOA + PMBinPMR 
adccosa + yainfiu 
Therefore the equation to the line is 

X cos a + y sin a «^. 

21. We have ^ven separate investigations of the different 
forms of the equation to a straight line m Articles 14, 17, 20; 
any one of these forms may however be readily deduced from 
either of the others by making use of the relations which exist 
between the constant quantities. The quantity which we 
have denoted by b in Art. 17, that is OS, i» denoted by c in 
Art. 14 ; 

.•; J = c (1). 

In Art. 17, 

- = tmBA C? = tan (^ SAX) 

= -tan5^Z; 
in Art. 14 we have denoted the tangent oiBAXhj m, 

.•.| = -'n (2). 

a 

In Art. 20, OJ[cosa= Oft and 05sina= OQ; that is, 

p^acosa^hfma * (3); 

therefore from (2) and (3), w«s-cota (4). 

Also if the equation 

T. c. S. 2 
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lepiesent -the straight line under consideration, then by 
Artie, 

-j-m, -^=.c-6 (5); 



sin a 



j-cotaandj— £^ (6). 



By means of these relations we may shew the agreement 
of the equations in Arts, 14, 17| 20, or from one of them 
deduce the others. 

22. The stadent may ezercise himself by yarying the 
figures which we have used in investigating the eauations. 
Thus, for example, in the figure to Art. 17, suppose tne point 
P to be in BA produced, so that it falls ielow the axis pf Xn 
We shall still nave 

PMAM PMx'-a . 

Now since P is below the axis of x^ its ordinate y is 
a negative quantity, hence we must not put PM=^y but 
PM^'-yj because by PM we mean a certain length esti- 
mated positively. Thus 



y oj — a 

-r— ' 



and therefore, as before. 



M-'- 



Oblique Co-ordinates^ 

23, . Equation to a straight line. 

We shall denote the inclination of the axes by a>. 

Suppose first, that the line is not parallel to either axis. 
Let AmD be a straight line meeting the axis of y in B. Draw 
a line OE through the origin parallel to ABD. In ABD 
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take any point P; draw PJf parallel to OYJ meeting OX in 
2f and OiJia Q. Suppose OB^Ci and the angle QOM—a. 




Let x^ y be the co-ordinates of P; then 

y^PM^Pq^ QM-- 0B+ QM. 

T5 . QM sina 

But "^irr="'~7 n5 

OJf sm (« - a) 

^,, ajsina 
sm {fi9 — a) 

Hence the required equation is 

a; sin a . 

y «= -=—7 \ + <5« 

If we put m for -;— 7 r the equation becomes 

^ sm (o) — a) ^ 

y = wiaj + c, 

as in Art. 14. The meaning of is the same as before ; m is 
the ratio of the sine of the inclination of the line to the axis 
of X to the sine of its inclination to the axis of y. Since 
sina is always positive, m will b,e positive or negative accord- 
ing as sin (<io — a) is positive or negative ; thus as before m 
will be positive or negative according as the line through the 
oririn parallel to the given Une falls between OY and OX, 
or between Y and 0X\ The meaning of m coincides with 

tihat in Art. 14 when <io = -^, for then m =: tan a. 

2—8 
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sina 



24. Since 



sin (« — a) ' 
m(sinfii> cosa — cosfio sina) sssina; 
A iii(sina» — coBo» tana)stiina; 
fTisino 



A tana 
Hence sin a 



l + m cos CO * 
msino 



cosa- 



±V(l + 2«icofl« + i»")' 
1 -f m cos o» 

± V(l + 2«l COS » + !»*) ' 



Since sin a is positive, we must take the upper or lower 
sign according as m is positive or negative, 

25. The investigations in Arts. 15 and 17 apply without 
alteration to the case of oblique axes, and those in Art 16 
with the requisite change in the meaning of the constant m. 

26. To find the equation to a straight line in terms of the 
perpe/ndicular from the origin^ and the tncUnaiume of the per^ 
pendicular to the axe$n 




Let OQ be the perpendicular from the origin on a line AB\ 
let OQ = Vj OA=^a, OB^b, If we suppose ^0-4 = a, we 
have ^(?-6=s i>-r a; denote this by /S; then 
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OQ = acosa: •% a = ~^ 



COS a 



OQ^bcoBfi; •••*==^* 



Substitute in the equation, Art 17, 
and we obtain 



M='. 



0? COS a + y cos /S = y. 

27. The following form of the equation to a straight line 
is often useftil. 




Let Q be a fixed point in any line AB; i, Je its co-ordi- 
nates; let P be any other point in the line; a?, v its co- 
ordinates; let QP^Vy and tne angle BAX^a, Draw the 
ordinates Pif, QN^, and QR parallel to 0X\ then 

x — h sin (tt) — a) , 

= — ^ =5 1 suppose, 

V — Z; sina 

^- = - — = n suppose, 

thus —7 — = 2 — ^=r. 



22 POLAB EQUATION TO A STBAiaHT LIKB. 

For the equation to the line it is sufficient to put 

~l iT' 

but it is useful' to remember that each of these quantities is 
equal to r. 

If the axes are rectangular, I and n become respectirelj* 
cos a and sin a, that is, the cosines of the inclinations of the 
line to the axes of x and y respectively. 

In the preceding figure P laUs to the right of Q and a?— A 
is positive. If P were to the left of Q then a? — A would be 
negative. Thus siiice x^h^lr, the product Ir must be 
capable of changing its sign ; this leads us to consider r as 
positive or negative accordmg to circumstances. When there- 
fore we write the equation to a straight line under the form 

a; — A_y — A; 

and ascribe to I and n the values given above, we conclude 

that each of the expressions T and ^ is numericaUtf 

equal to the distance between the point (A, k) and the point 
{x, y), but that the sign of each expression will depend upon 
the relative positions of the two points. 

Polar Co-ordinates. 
28. Polar equation to a straight line. 




Let AB be a straight line, OQ the perpendicular on it 
from the origin, OX the initial line,.P any point in the line. 
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Suppose OQ=Pf and the angle QOX^ ou Let r, d be the 

polar co-ordinates of P; then 

OQ^OPcobPOQ; 
thatis, p = rcos(^ — a). 
This is the polar equation to the line. 

* 29. The polar equation may also he derived from the 
equation referred to rectangular co-ordinates. Let 

Ax + Sy+ (7=0 

be the equation to a line referred to rectangular co-ordinates. 
Put r cos for x, and r sin for y, Art. 8 ; thus 

^rcos^+i^sin^+O = (1) 

is the polar equation. This equation may be shewn to agree 
with . . 

p = rcos(^-a) (2). 

For by Art. 21 we have 

-^ = cot a and -^ = — r^-- . 

Hence (1) becomes 

cotarcos^+rsin^ — J— a=0, 
sm a 

which agrees with (2). 

30. The equation to a line passing through the origin 
is, by Art. 14, 

y=^mx. 

Put rcos^ for x and rsin^ fojr y; the equation then 
becomes 

rsin^ = mrcos^; 

/. tand = 99»; 

•*• ^ = a constant ; . 

this is therefore the polar equation to a line passing through 
the origin. 
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31* W6 will collect here the different forms of the equa- 
tion to a straight line which have been inrestigated, 

y = mx + 0| Arts. 14 and 23* 

a; =s constant, or, y^ constant, Arts. 15 and 25. 



!-!—«. 


Arts. 17 and ^6. 


a? COS a + y sin a - j? = o, 


Art. 20. 


sin a 


Art. 23. 


^"Bin(a,-i) '" + ''' 


aoo8 a +y 008 /9 -|» =B 0, 


Art. 26. 


x-h y-Tc 


Art. 27. 


/> = rco8(tf — a), 


Art. 28. 


^rcos^ + jR-Bmtf+ O-Q, 


Art. 29. 


= constant, 


Art. 30. 


EXAMPLES. 





Draw the straight lines represented by the following 
equations : 

(1) y + 2« = 4; (2) 2y-a! = 2; 

(3) y + a5 = -2; (4) a!-«y=«4j 

(5) y + 2a!=0; (6) l = cos^tf-^); 

(7) «-i; (8)..^= J; 

(9) ^ = 0. (10) ^=«1. 



( 25 ) 



CHAPTER III. 

PBOBLEMS OK THE STSAlOHT LINE. 

32. We proceed to applj the results of the preceding 
articles to the solution of some problems. 

To find ike jxyrm of the eqaatton to a straight line which 
passes through a given point. 

^* ^li Vt ^ *^® co-ordinates of the given point, and 
suppose 

y = mx + o. (1) 

to represent the straight line. Since the point (a?^, yj is on 
the Ime, its co-ordinates must. satisfy (1) ; hence 

y^^mx^ + c ; (2). 

By subtraction, 

y-y,=:w(a;-a?,) (3); 

this is the required equation. 

33. The equation {3) of the preceding article obviously 
represents what is required, namely, a line passing through 
the point (ar^, y^). For the equation is of the first degree m 
the variables x, y, and therefore, by Art. 16, must represent 
some straight line. Also the equation is obviously satisfied 
by the values a?=»iCL, y^y^) tliat is, the line which the 
equation represents does pass through the given point. The 
constant m is the tangent of the angle which the line makes 
with the axis of a?, and by giving a suitable value to m we 
may make the equation (3) rej^resent any straight line which 
passes through the assigned point. 
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The geometrical meaning of equation (3) is obvioos. For 
let AB he anj straight line passing through the given point 
Q. Let P he any point! in the line ; Xj y its co-ordinates. 
Draw the ordinates PM, QN; and QB parallel to OX; then 

PB 



QB 



= tangent P^5; 



that is, ^^^^ = tan BAX^ m, 

which agrees with equation (3). 

34. In Art. 32 we eliminated c between the equations (1) 
and (2) and retained 971; we maj if we please eliminate m 
and retain c. From (2) 



m- 



X, 



Substitute in (1)» thus 






X, 



This equation obriously represents a straight line passing 
through the given point, because it is an equation of the first 
degree and is satisned by the values 05 = 2:^, y^J/x* 

35. To find the eqtiation to the straight line which passes 
through two given points. 



WHICH PASSES THEOUGH TWO GIVEN POINTS. 27 

Let a?-, y^ be the co-ordinates of one given point; a?,, y, 
those of the other; suppose the equation to the straight line 
to be 

y« wKc+c... (1). 

Since the line passes through {x^, yj and (a;,, y,), 

y^^mx^ + e (2), 

y^ = mx^ + c (3). 

From.(l) and (2) by subtraction, 

y-y,=:w(aj-a:J (4). 

From (2) and (3) by subtraction, 

hence m = ^'"^^ . 

Substitute the value of m in (4) and we have for the 
required equation 

y-y'=S^'(^-»'') (^)- 

We may also write the equation thus, 

(^«-a:,)(y-y,) = (y,-yJ (a?-ajj (6). 

SonAe particular cases may here be noted. Suppose yj=yi, 
then (6) becomes (ajj— a?-) (y— yi) = 0, therefore y^y^\ the 
required line is thus parallel to the axis of x. Similarly if we 
suppose a^jj— a?i, then (6) becomes {y^—y^ (a; — a?j) = 0, there- 
fore x^x^^ thus the required line is parauel to the axis of y. 
Lastly, suppose the point {x^iy^) to be the origin; hence 
a;- = and y^=^0; thus (6) becomes xy^y^^x. The student 
should illustrate these particular cases by figures. 

36. The equation (6) of Art. 35 becomes by reduction 

If we compare the expression on the left-hand side of this 
equation with the expression in brackets in equation (2) of 
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Art 11, we see the only difference is that we have x and y^ in 
the place of x^ and y, respectivelj. Thus the eejoatioii 
informs us that the area of the triangle formed by joining 
(^1 y)i (^9 y^9 (^fl9 ^t) ^Aiuf^heSy as should eyidently be the 
case since the vertex (a;, y) £bI1s on the basci that is, on the 
line joining {x^, y^j to (a?„ yj. 

37. To find the equation to the straight line which pcaees 
through a gtven point and divides the Itne joining two other 
given points in a given ratio* 

Let {h, k) be the first given point; let (ajj, y^), (a?,, v,) be 
the two other given points; let the given ratio in which. the 
line joining the last two points is to be divided be that of n, 
to n,; then, bj Art. 10, the co-ordinates of the point of 
division are 

«! + », * ^t + ^ 
Hence bj equation (5) of Art. 35 the equation required is 

y-A;= ^t"^ (aj-A); 



or 






38. To find the form of the equation to a straight line 
which is parallel to a given straight line. 

Let the equation to the given straight line be 

y = «i,a; + c, (1), 

and the equation to the other straight line 

y = mx + c (2), 

Since the lines represented by (1) and (2) are parallel, they 
must have the same inclination to the axis of x ; hence 

fit 3= 97l| • 
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Thus (2) becomes 

The.quamtity c remains undetermined since an indefinite 
number of straight lines can be drawn parallel to a* given 
straight line. 

39. To determine the co-ordtnatea of the point cf intersect 
txon of two given straight lines. 

Let the equation to one line be 

y = m^x + c^ (1), 

and the equation to the other 

y^m^+c^ (2). 

The co-ordinates of the point where the lines intersect 
must satisfy both equations ; we must therefore find the values 
of X and y from (1) and (2). Thus 

x-^ ^, y = -^"-^ — ^S' 

these are the required co-ordinates. 

40. To find the condition in order that three straight lines 
may meet in a point » 

Let the equations t6 the lines be respectively 

y^m^x-\-c^ (1), y=w,a? + c, (2), 

y^m^ + c^ (3). 

The co-ordinates of the point of intersection of (1) and 

(2) are 

c^'^c^ c.m^ — cjfn^ 
aj = — 1 — S-, y=-^— * ^-^. 

If the third line passes through the intersection of the first 
and second, these values must satisfy (3). Hence the neces- 
sary and sufficient condition is 



an __ AM ant -_ am *' 



30 

that is. 



AKOLE BETWEEN OlYBN UME8. 



41. To find the angle between two given straight lines. 




Let ABC be one line and DEC the other; let the equation 
to the former be 

y^m^x + c^, 

and the equation to the latter 

Then tan^CZ) = ten(a4X^ CDX) 

tan CAX- tan CDX 





l+taaCAXtasiCDX 






m this we may 


deduce 




COSTCO 




1 + »»»,«», 


-V{(i 


+ (!+«..•))' 


Bin A CD 




Wl- — Wl_ 



vui+oa+m.")}- 

42.^ 2b /n^ <Ae jferwi q/ fAtf e^tcaftbn to a straight line 
which is perpendicular to a given straight line. 
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Let y^fnx + c 

be the equation to the given line, and 

y^m'x + c' 

the equation to another line. Then the tangent of the angle 
between these lines is 





l+mm" 


If these lines 


are perpendicular, 




l+mm' = 0; 






Hence 


»=-=+«• 


represents a line 


perpendicular to the line 




jf=smx + c. 



43. The result of the. last article may also be obtained 
thus, 




Let AB be the given line, so that tan BAX= m. Let CD 
be a line perpendicular to AB; then 

tanJ9CZ=-tani)(70 

=:-C0t5^0 



m 
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Hence the equation to CD ui 

X 



where 



y — m + ^^ 
e'^OD. 



44. To find the equation to the straight line which passes 
through a given pointy anctis jperpendicular to a given straight 
line* 

Let x^^y^hQ the co-ordinates of the given point, and 

jf^mx + c (1) 

the equation to the given line. The form of the equation to 
a line through (a?^, yj is ^ 



If (2) is perpendicular to (1), we have 

m'm +1 = 0. 
Hence the required equation is 



^\2)- 



45« To find the equatums to the straight lines which pass 
through a given point and make a given angle toith a given 
straight line* 




JSQUATIONS TO CEBTAIN LIK£S; SS 

Let AB be the given straight line ; C the given point ; 
A,' h its co-ordinates ; )8 the given angle. Let the equation 
to ^5 be 

Suppose CD and CE the two lines which can be drawn 
througn (7, each making an angle /8 with AB. Then 

tan CDX=^ tan {BAX + jS) 

^ m + tan^ 
""l— mtan^* 

tan CEZ=-ten GE4 = - tan (/S - 5^X) 

_ tyt — tan^ 
"'l+m tan )8 * 

Hence the equation to CD is 

, w + tani8 , ,. 

and the equation to CE is 

, w-tan^ , _. 
^ 1 + wtan^^ ' 

46. The following particular cases of the preceding results 
may be noted. 

(1) Suppose w = ; then the given line is parallel to the 
axis of X. The required equations then are 

y — 4 = tan )8 (a? — A), 

and y — Aj = — tan^ {x — A). 

(2) Suppose w = oo ; then the given line is parallel to the 
axis of y. And since 

, . ^ l + ~tanj8 

l-wtaniS" 1 ^ n ' 

tanp 

m 

T. C. S. 3 
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we have when m » oo , and therefore — == 0, for the equation 
to CD, 

^""*"'"tan;;8^^""*^"'"^*^^^""*^* 

Similarly the equation to CE becomes 

y-i«coti9(a; — A). 

(3) Suppose m = tan /9. In this case the equation to CD 
becomes 



, 2tan)8 , ,. 



'/8 

that is, y — A = tan 2^8 (a— A), 

The equation to CE becomes 

so that CE is parallel to the axis of ar, 

(4) Suppose m = cot fi. The equation to CD may be 
written in tne form 

(y- A) (1 -m tan/S) = (f» + tani9) (oj-A), 

and we see that when 7n= cot )8 the left-hand side is zero; 
thus the required equation is then 

a; - A = 0. 

The equation to CE becomes 



, cot)8-tan)8, ,. 



2 

cos*)8--8in*)8 
"" 2co8)8sin/8 

= cQt 2)8(a;-A). 



(5) Suppose «i = -tan/8. Then the equation to CD 
becomes 

y-i = 0, 
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and the equation to GE becomes 

s=- tan 2/8 (a; -A). 

(6) Suppose w = — cot)8. Then the equation to CD 
becomes 

= - cot 2)8 (a; -A). 

The equation to CE may be written in the form 

(y -i) (1 +»i tan)8) = (w - tan)8) (a? -- A), 

and we see that when w = — cot fi the left-hand member is 
zero ; thus the required equation is then 

a;-A = 0. 

(7) Suppose )8 =s - . The equation to CD may be written 

J m cot 13 + 1 , ,. 

y-*= — To^ — (a;-A), 

When )8 = — we have cot )8 = 0; thus the equation becomes 

^ m^ * 

Similarly the equation to CE takes the same form ; and thus 
the result agrees with that of Art. 44. 

We have discussed these particular cases as an example of 
the manner in which the stuaent should test 'his comprehen- 
sion of the subject by applying the general formulae to special 
examples. He will find it useful to illustrate these cases by 
figures. 

3—2 
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LENaXH OF A FERPKN0ICULAB. 



47. To find the length of the verpendtcular drawn from a 
given point upon a given straight line. 




Let AB be the given straight line ; D the given point ; 
A, k its co-ordinates. Let the equation to AB be 

y^mx-\-c (1). 

The equation to the line through D perpendicular to AB 
is, by Art. 44, 

y-U=-^ix-h), (2). 

Let a,, yi be the co-ordiuates of E) then, by Art 9, 

i)^=(x,-A)» + (y,-A:)» (3). 

It remains then to substitute for a? and y^ their values in 
(3). Now, since a?^, y. are the co-ordinates of jE, which is 
the point where (1) ana (^) meet, we have 

/, mx^ + o^k (a?j — A)j 

mk^-h-rmc 
* 1 + m* ' 
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, * ^h — mh — Tific 
and a;, — A = ; s 



-, (4 — wA — c). 



1 + 

*,' 'nih-\' nth + c 

Also jf, = mx^ + c^ ^^^, , 

, , mh + c — ^ 

and ^1 — « = — T": — »— ; 

_ (A: — mA — c)* 
Hence i?jE = - 



A; — mA — c 



The radical in the denominator may be taken with the posi- 
tive or negative sign, according as the numerator is positive 
or negative, so as to give for DE a positive value^ 

We may also obtain the value o{DE thus ; draw the ordi- 
nate DM meeting the line AB in J?; then 

DE=^DH%mDHE^DHcoBHAM. 

Now OJIf = A; .\SM = mh + c, and i> J/ = ii; ; 

/• DH^k'-mh-c. 

Also tan HAM = m ; /. cos HAM — 



.-. DE=^ 



h — mh — c 



Hence if on the line y — mx — c = a perpendicular be 
drawn from the point {h^,k^ and also a perpendicular from the 
point (A,, ftg), the ratio of the first perpendicular to the second 
IS equal to the numerical ratio of A^-r wA^ — c to i, — mA, — c. 
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48. To Jind the length of the line dravmfrom a given point 
in a given direction to meet a given line. 

Let (A, k) be the ^yen point ; and suppose a line drawn 
from this point at an inclination a to the axis of a; to meet 
the line 

Ax + JBg+C-^O (1). 

Let r be the required length ; aj^, y^ the co-ordinates of 
the point where the line drawn from (i, k) meets (1) ; then, 
by Art. 27, 

jCj — A = rco8a, yj — A; = rsina (2). 

But (a?i, yj is on (1), 

.'. A{h + rcoQa) + B{k + rsina) + C^O; 
Ah + Bk+C 
^cosa + ^sma 

49. In this chapter we have used equations of the form 
y=mx + c to represent straiffht lines. The student may 
exercise himself Dv solving the problems by means of the 
more symmetrical U)rms of the equation to a straight line, 

Ax + By+C=0, 

X V 

-+1-1=0, 
a ' 

acosa +y sin a ^p = 0. 
The results of course can be easily compared with those we 
have obtained. For example, if in Art. 47 we represent the 
given line by the equation 

the result obtained should coincide with the value of 
h — mh — c 



V(i + w') 



A C 

when for m we write — -^ and — -^ for c ; that is, the result 

must be 

Ah + Bk+C 
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Similarly, if the given line be represented by 

X cos a +y sin a — jp = 0, 
we shall find for the perpendicular on it from (X, h) 

+ (A cos a + jfe sin a — p). 
Thus if the equation to a line be in the form 

a; cos a + y sin a — jp = 0, 

the length of the perpendicular drawn from a point on this 
line is the numerical value of the expression on the left-hand 
side of this eqiuifion, when for x ana j are svhstituted the co- 
ordinates of the given point. This result is of such great im- 
portance tnat we shall proceed to examine it more closely, 

50. We may however previously observe that if the eljua- 
tion to a line be given in any form, we can immediately trans- 
form it so that it may be expressed in terms of the length of 
the perpendicular from the origin and the inclination of this 
perpendicular to the axis of a?. For example, suppose the 
equation to be 

2aj + 3y + 4 = 0. 

Change the sign of every term so that the last term may he 
negative ; thus the equation becomes 





-2a; 


-3y- 


■4 = 0. 




Divide 


l>yV(2" + 3^; 


thus 








2a? 
V13 


3y 

V13 


4 




This is 


of the form 










a; cos a + y sin a —jp = 0, 




and 


"^"^ V13 


, sin a 


3 
V13' 


P 



4 
V13' 

3^ 



In this example a is an angle lying between tt and 
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Any other example may be treated in a similar manner — 
the role being the following. Collect the terms on one side, 
and if necessary, change the signs so that the equation may 
be in the form Ax-^Sv— (7*=0, where (7 is positive; then 
divide by ^/{A^ + B^ ; thos the equation becomes 

this is of the required form, and 

A . B O 



Thus every equation representing a straight line may be 
brought to the form 

a;cosa + ysina— p = 0, 

where p is a voattive quantity, unless the line passes through 
the origin, ana then ^ == 0. 

When we use the equation 

SB cos a + y sin a — jp = 

we shall always suppose p positive* 

51. The line whose equation is 

oj cos a +y sin a —p = 

might be called ^Hhe line {p, a)," since the constants p and a 
determine the line ; but when there is no risk of confounding 
it with another line,' it may be more shortly called " the line 
a," and the equation may be expressed shortly, thus, " a= 0." 

We shall now give another investigation of the expression 
for the perpendicular from a given point on the line {p, a). 

Let AB represent the line (p, a), the origin, P the 

B)int (a?, y), so that F and are on opposite sides of AB. 
raw OQ, PZ' perpendicular to AB, and PJf parallel to OY; 
through M draw a line parallel to AB, meeting 0^ and PZ^ 
produced if necessary, in Q and Z' respectively. 



LBKGTH OF A PEB^ENDICUULB. 



41 



Then OQ'^OMcoaa^xdoQai PZ'^PMsiaa=yBma; 

Y 




If P and be on the same side of AB we shall obtain for 
the perpendicular 

p — a? cos a — y sin a. 

It will be found that these results will hold for all varieties 
of the figure. 

52. Or we may proceed as follows. 

Let ajcosa + ysina— jp = 0. (1) 

be the equation to a straight line, and let x, y' be the co- 
ordinates of the point from which a perpendicular is drawn 
upon the line ; it is required to find the length of this per- 
pendicular. The equation to any line which is parallel to (1) 
and on the same side of the origin, may be written thus, 

iccosa4-y sina— />'=0 (2), 

where p is the perpendicular from the origin upon this line. 
If this line pass through the point {x, y'), we must have 

x' cos a+y' sin a —jp' = ; 

.'. jp' = x' cos a + y' sin a. 

The length of the perpendicular from {x\ y') on (1) will be 
jp* —p i£ the point and the origin are on different sides of the 
line, andp —jp' if they are on the same side ; that is, 

a?' cos a + y' sin a — JP 

in the former case, and in the latter case 
^ — aj'cosa— y'sina. 
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K the line parallel to (1) be on the opposite side of the 
origin, its equation will be 

X cos (ir + a) + y sin (^r + a) — i?' = 0, 

where ^' is the len^h of the perpendicular from the origin 
upon It. If this hne pass through the point {x\ y') we 
must have 

»' cos a + y' sin a + />' = ; 

.•• ys= — aj'cosa — y'sina. 

The length of the perjjendicular from («', y*) on (1) will be 
the sum of jp' and p^ that is, 

p — x* cos a — y' sin ou 

We may now suppress the accents on x and y, and we 
have the same conclusion as before. 

53. Thus the perpendicular from the point (a?, y) on the 
line 

a? cos a + y sin a — JP = 

is ajcosa+y sina— ^, or ^ — a?cosa — ysina, 

according as the point (x, y) and the origin are on different 
sides of the line or on the same side of it. 

The student will perceive that we speak here of the point 
(a?, y) and the line acosa + y sina— p==0, and that we use 
the same symbols a;, y, in speaking of the point and of the 
line. But we do not mean that the point (a;, y) is to be on 
the line, that is, we do not mean the x and y which are co- 
ordinates of the point (a;, y) to have the same values as thqr 
have for any point in the line ajcosa + ysina— jp = 0. We 
mi^ht use x\ y* as co-ordinates of the point to prevent con- 
fusion, but it is found convenient to adopt the notation here 
used, as the advantages more than compensate for the in- 
creased attention which is required from the student in dis- 
tinguishing the different meamngs of the symbols. 

54. We have in Art. 51 left the student to convince him- 
self by drawing the figures in different ways, that the per- 
pendicular from the point (aj, y) on the line (^, a) is alway9 

± (a? cos a + y sin a — ^)p 
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the upper or lower sign being taken according as (x,y) and 
the ongin are on different sides, or on the same side of the 
line (jp, a). We may also arrive at the result imperfectly, 
thus. We may first prove, as in Art. 47, that the perpendi- 
cular must always be equal to one of the two expressions 

+ (aj cos a +y sin a — ^), 

and may then proceed to distinguish the cases. Now the 
expression a? cos a + y sin a — » is negative when the point 
(a?, y) is the origin, because it becomes then — j? ; also this 
expression cannot change its sign so long as {x, y) is taken on 
the same side of the line (/?, a) as the origin lecavse it can- 
not change its sign vyithout passing through the value zero, 
and it cannot vanish until the point (a?, y) is on the line. 



Hence the expression remains negative so long as (a?, y) is on 

(jp, a) as the origin. Similai* 
the expression is positive when the point (a?, y) has any one 



the same side of the line ( », a) as the origin. Similarly, if 



position on the other side of tha line (jp, a), it will continue 
positive so long as (a;, -y) is on that side of the line ; and it 
may be easily shewn that the expression can be made posi- 
tive by suitable values of a? and y ; hence it is always positive 
while (a?, y) is on the opposite side from the origin. We call 
this an imperfect method, because the sentence in italics on 
which the method depends, has probably not sufficiently at- 
tracted the student's attention up to this period of his studies 
to produce perfect conviction. 

55. If the equation to a line be x cos a +y sin a = 0, so 
that 7? = 0, we shall still have + (a? cos a + y sin a) as the 
length of the perpendicular from the point (a?, y) on it. We 
may discriminate as follows, let the equation be so written 
that the coefficient of y is positive ; then for points on the 
same side of the line as the positive part of the axis of y, the 
perpendicular is xco&a+y sm a ; for points on the other side 
it is — (a; cos a + y sin a). This is easily shewn by comparing 
a few figures, or as in Art. 54. 

Oblique Axes. 

56. The results in Arts. 32 — 40 hold whether the axes are 
rectangular or oblique; in Art. 33, however, m must have 
that meaning which is required when the axes are oblique. 



44 OBLIQUE AXES. 

To find the angle b^ween two etraight lines referred to 
oblique axes. 

Let CO be the angle between the axes; y^m^x+c^ the 
equation to one line ; y =s m^ + c, the equation to the other. 
Let a^, a^ be the angles which these lines make with the axis 
of X ; and )3 the angle between them. 

By Art. 24 

. m. sina> , m^sinon 
tan a.= -— ^ • tan 0^=7-7-^ . 

WjSin© m^sin a) 



TT J. Q X / \ 1+ wi, cos Gi 1 -+- m- cos o> 

Hence tan p or tan (a, — aj = » i ^ ^ 



1 + 



(l + WjCOS©) (l+l»,C08Gl) 

(fw, — m^) sino) 



1 + (i»j + wj cos w +mjW, ' 
Hence the condition that the lines may be at right angles is 
1 + (m^ + Wj) cos ©+ i»jm,= 0# 

57. To find the length of the perpendicular drawn firom a 
given point on a given straight line. 

We shall proceed as in the latter part of Art. 47 ; the 
student may also obtain the result by the method in the 
former part of that article. 




Let AB be the given straight line ; D the given point ; 
A, h its co-ordinates. 
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Let the eqi;iatioBL to AB be 

Draw DHM parallel to F, and DE perpendicular to AB\ 
then 

DE^DHsmDHE. 

Now DH^DM-HM^h" {mh+c) =^k-mh -c. 

Let 5^X=op, theni>JIEor^j53f=oi-a, 

sin a 



and -T— 7 r = m (Art, 24) : 

. , . sina sinoi ,. . _.. 

,*• sin (« - a) = = /.., . ^ ; — jT (Art. 24) ; 

^ ' w V(l + 2mcos(» + w') ^ ' 



njP^ (^ — ^A ~ <^) sin ft> 
' ' ^ V(l + 2m cos G) + m') ' 

If a line be drawn from D to meet AB at an angle /9, its 
length will be BE cosec )3, and will therefore be known since 
BE is known. 

If the equation to a straight line be in the form given in 
Art. 26, namely, 

a? cos a +y cos )ff — ^ = 0, 

the length of the perpendicular on it from the point (x, y') 
-will be 

+ (aj' cos a + y' cos /8 — jp) . 

This may be deduced from the preceding expression, or it 
may be obtained in the manner of Art, 51, 

Polar Co-ordinates. 

58. To find the polar equation to the straight line which 
passes through two given points^ 

Letrj, 6^ be the co-ordinates of one point; and r,, 6^ 
those of the other ; aud suppose the equation to the line 

r<50s(d-a)«p, 
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that is, rcos^cosa + rflin^ainaa^ (1). 

Since this line passes through the two points, we have 

r^cosd^coaa + r^suid^Bina-p (2), 

r,co8d,cosa + r,sin^,sina=^ (3). 

From (1) and (2) 

(r cos fl — r J cos 5 J cos a + (^ sin ^ — r^ rin dj sin a = . . . (4) . 

From (2) and (3) 

(rjCOstf^ — r, cos djcos a + (r^ sin^^— r, sin^J sin a = 0...(5), 

r cos g — r ^ cos 0^ r sin ^ — r^ sin ^ 
rjcosdj — r,cos5, r^sin^, — r,sin5,' 

After reduction we obtain 

rr, sin {0^-0) + r^r.sin (tf,- 0,) + r,r sin (^- dj = 0..,(6). 

This equation has a simple geometrical interpretation ; for 
if we draw a figure and take for the origin, and A, B, P for 
the points (r^, tfj, (r^, ^J, (r, 5), respectively, we see that 
equation (6) is the expression of the fact that one of the tri- 
angles OAP^ OBP^ OABy is equal in area to the sum of the 
other two. 

59. We have seen that a straight line is the locus of an 
equation of the first degree ; as we proceed it will appear that 
it an equation be of a degree higher than the first, the cor- 
responding locus will be generally some curve; we may notice 
here some exceptional cases. 

Suppose the equation 

a5^-4aa; + 4a*+^ = 

be proposed ; this equation may be written 

Hence we see that the only solution is 
y = 0, a?=2a. , 
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Thus the corresponding locus consists only of a single point 
on the axis of a; at a distance 2a from the origin. 

Again, suppose the equation to be 

No real values of x and y will satisfy this equation; in this 
case then there is no corresponding locus, or as it is usually 
expressed, the locus is impossible. Thus, the locus corre- 
sponding to a given equation may reduce to a single point, or 
it may be impossible. 

60. We have seen that the equation to a single straight line 
is always of the Jlrst degree ; an equation of a higher degree 
than the first may however represent a locus consisting of two 
or more straight lines. For example, suppose 

3^-^ = (1); 

.*. y = « ...(2), oxy = -x (3). 

If the co-ordinates of a point satisfy either (2) or (3), they 
will satisfy (1) ; that is, every point which is comprised in 
the locus (2) is comprised in (1), and every point which is 
comprised in (3) is also comprised in (1). Hence (1) represents 
two straight lines which pass through the origin, and make 
respectively angles of 45^ and 135^ with the axis of x. 

61. An equation which only involves one of the variables, 
represents a series of lines parallel to one of the axes. Thus, 
if there be an equation f{x) = 0, we obtain by solving it a 

series of values for x, as x=:a^ or x = a^, and each of 

these equations represents a line parallel to the axis of y. 
Similarly f{y) = represents a series of lines parallel to the 
axis of X. 

An equation of the form /f-j = represents a series of 

lines passing through the origin ; for by solving the equation 

we obtain a series of values for ^ , as - ^m., ^= w,,..., and 

x^ X *' a? •' 

each of these equations represents a line passing through the 
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origin. Of coarse if an equation /(a;) s o, /(y) = 0, or 
J ( J ~^ have no real roots, the corresponding locus is im- 
possible. 

The equation 

may be put in the form 

^fyy+^y+c^o, 

\x/ X 

Since this is a quadratic in - we obtain two values for it, 

so 

suppose — =:Wj and ^^m^) hence the equation generally 

represents two straight lines passing tiprough the origin. . If 
-B* be less than 4-4 5, then m^ and w, are impossible, and the 
only solution of the given equation is aj = 0, y = 0; that is, 
the locus is a single point, namely, the origin. 

62. It is obvious that if the locus represented by an equa- 
tion /(a?, y) = passes through the origin, the values a: = 0, 
V = must satisfy the equation. We can thus immediately 
determine by inspection whether a proposed locus passes 
through the origin or not. 

63. In Art. 39 we determined the co-ordinates of the point 
of intersection of two given straight lines : the proposition 
may obviously be generalised. Let^ (a?, y) = 0,^(aj, y) = 0, 
represent two curves, then the co-ordinates of the points where 
they meet will be determined by solving these smiultaneous 
equations. It may be shewn that if one equation be of the 
m^ degree and the other of the w***, the number of common 
points cannot exceed mn^ (See Theory of Equations^ Chapter 

XX.) 

64. We will exemplify the articles of this chapter by 
applying them to prove some properties of a triangle. 

The lines dravmfrom tiie angles of a triangle to the middle 
poirUs of the opposite sides meet in a point. 

Let ABC be a triangle, D, E, F the middle points of the 
sides ; take A for the ongin, AB for the direction of the axis 
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of Xy and a line through A perpendicular to AB for the axis 
of y. Let AB=ay and let x\ y' be the co-ordinates of C* 




Since D is the middle point of CS, the abscissa of D is 

J (a?' + a) and its ordinate ^ (Art. 10) ; since U is the middle 

a?' . . v' 

point of -4 (7, the abscissa of J^ is — and its ordinate ^ ; since 

Fia the middle point oiABy its abscissa is - and its ordinate 
zero. Hence by Art. 35, 



the equation to AD is y = -r — - 
^ ^ aj + a 



the equation to £S is y ^ ^ ,_^ ^ . . 
the equation to CF isy = ^ ^ x — a) 



.(1); 
.(2); 
.(3). 



To find the point of intersection of (2) and (3) we put 

y'ix-a) ^ y'i^x-a) ^ 
x' - 2a 2a?' - a * 

.•• (a? - a) (2a?' - a) = (2a? - a) (a?' - 2a) ; 

.•. 3aa? = a(a?' + a); 

.'. x=^^{x* -^-a). 

Substitute this value of a? in (2) and we find . 



3* 



T. C. S. 
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We have ihiiB detennined the co-ordinates of the point of 
intersection of (2) and (B) ; moreover we see that these valaes 
satisfy (1) ; hence the line represented bj (1) passes throagh 
the intersection of the lines represented hj (2) and (3), which 
proves the proposition. 

The lines drawn from the angles of a trtangle j)erpendtcular 
to the opposite sides meet in a points 

The equation to BCis (Art 35) 

hence the equation to the line through A perpendicular to 
BC is (Art. 44) 

X —a ,.. 

y^- —j-^ ^ ^' 

The equation to ^C' is 

hence the equation to the line through B perpendicular to 
^Cis 

y=-E.(aj«a) (5), 

The line through C perpendicular to AB will be parallel 
to the axis of y, and its equation will be (Art. 15) 

x^x' (B), 

Now at the point of intersection of (5) and (6) we have 

x^x, y = -.-j(aj-a); 

and as these values satisfy (4), the line represented bj (4) 
passes through the intersection of the lines represented by 
(5) and (6). 

The lines dratvn through the middle points of the sides of 
a triangle respectively perpendictilar to those sides meet in 
a point. 
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The equation to the line through D perpendicular to £(7 is 
The equation to the line through E perpendicular to CA is 

-f=-F'('-|) («)• 

The equation to the line through i^ perpendicular to AB is 
«-! (9). 

Now at the point of intersection of (8) and (9) we have 
_ a _ y x' (a x'\ 

these values satisfy (7) ; hence the lines represented bj (7), 
(8), and (9), meet in a point. 

Let us denote by P the point of intersection of the three 
lines in the first proposition, by Q the point of intersection of 
the three lines in the second proposition, and by R the point 
of intersection of the three lines in the third proposition ; we 
will now prove that P, Q^ and R lie in one straight line. 
The co-orainates 

of Pare aj = i(»'+a), y = ^; 

X* 

o£ Q 9XQ x?ssx'y y =*—#(« — «') > 

• „ a y' x ' (a - x") 

Hence the eqaation to the line passing through P and Q is 

y-8= ;'-i(x'+a) ("--8-) ^''^• 

4—2 
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In this equation put x^-^ then 

. ,,_ x'ja'-x') , y ^ y 
•• ^" 2y ■^3"^6 

_ y g' (g — a;') 

~2 2y ' 

Hence the point jB is on the line represented by (10), for 
the co-ordinates of R satisfj (10). 

EXAMPLES. 

1. Find the equations to the lines which pass through 
the following pairs of points : 

(1) (0, 1), and (1,-1). 

(2) (2, 3), and (2, 4). 

(3) (1, 1), and (-2, -2). 

(4) (0,.-a), and(0,-i). 

2. Find the equations to the Knes which pass through the 
point (4, 4) and are inclined at an angle of 45^ to the line 
y = 2a?. 

3. Find the equations :to the lines which pass through 
the point (0, 1), and are inclined at an angle of 30° to the 
line y + ic=2. 

4. Find the equations to the lines which pass through 
the .origin and are inclined at an angle of 45 to the line 
a; = 2. 
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5. Find the equations to the lines which pass through 
the origin and are inclined at an angle of 60 to the line 

6. Find the angle between the lines x+y^lj y = aj + 2; 
also find the co-ordmates of the point of intersection. 

7. Find the angle between the lines a; + yV3 = and 
oj-y V3 = 2. 

8. What is the angle between a5 + 3y = l andoj — 2y = l? 

9» Find the equations to the lines passing through a 
given point in the axis of Xy and making an angle of 45* 
with the axis of x, 

10. Find the equation to the line which passes through 
the origin and is perpendicular to the line a? +y = 2. 

11. Find the perpendicular distance of the point (1,-2) 
from the line oj + y — 3 = 0. 

12. Find the length of the perpendicular from the point 
(a, b) on the line - + 1 = !• 

13. Find the co-ordinates of the point of intersection of 

the lines - + t = 1 and ^ + 2^ = 1^ 
a o o a 

14. Find the equation to the line which passes through 
the point (a, b)j and through the intersection of the lines 

abba 

15. Shew what loci axe represented by the eqoations 

(1) a? + y' = 0, (2) «*-y* = 0, . 

(3) a?+xy=0, (4) xy = 0, 

(5) aj'+y* + o' = 0, (6) x(if-a)=.0. 
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16. Interpret 

(1) (:i?-«)(y-»)-o, 

(2) (aj-a)«+(y-J)««0, 

(3) (aj-y + a)«+(aj + y-a)« = 0- 

17. What straight lines are represented by the equation 

^•-4ay + 3a?» = 0? 

18. Shew that 3^ - Sxif - 3ic* + 30a? - 27 «= represents 
two straight lines at right angles to one another. 

19. Find the ecraations to the diagonals of the fonr-sided 
figure, the sides of which are represented bj the equations 

aJ = 4, y = 5, y = aj, y = 2a;. 

20. ABCDEF is a regular hexagon; take A for the 
origin, AB as axis of x, and a line through A perpendicular 
to AB as axis of y; find the equations to all the lines joining 
the angular points of the hexagon. 

21. Given the co-ordinates of the angular points of a 
triangle, find the equation to the line which joins the middle 
points of two sides. 

22. Find the tangent of the angle between the lines 

y — mx = and my + oj = 0, 
when referred to oblique axes. 

23. Shew that whether the axes be rectangular or oblique 
the lines y + oj = and y — a? = are at right angles. 

24. Given the lengths of two sides of a parallelogram 
and the angle between them, write down the equations to the 
two diagonals and find the angle between them ; taking one 
of the comers as origin, and the two sides which meet in that 
comer as axes. 

25. In the figure to Art. 76, take BA and BC as the axes 
of X and y; suppose £4 = a, BC=c\ and let A, h be the 
co-ordinates of D\ then form the equations to -4(7, BD, 
AD, CD. 
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26. With the notaiiov of the preceding qvaatioxi^ find 
the co-ordinates of the middle point oi AG ima those of the 
middle point of BD^ and form the equation to the line passing 
through these two points. 

27. With the same notation find the co-ordinates of the 
middle point of EF^ and thus shew that this point lies on 
the line joining the middle points oi AG and BD. 

28. If 2 + T = 1 attd -, + ^, = X be the equations to two 

ah a o ^ 

lines, which with the co-ordinate axes (rectangular or ob- 
lique) contain equal areas, and x\ y' be the co-ordinates of 
the point of their intersection ; shew that 

y' J'-V ^ 
x' a! --a* 

29. What points on the axis of £o are at a perpendicular 

distance a fix)m the line - + y=* 1? 

a 

30. Form the equation for determining the abscissa of a 

point, in the straight line of which the equation is - + r = 1, 

whose distance from a given point (a, /8) shall be equal to a 
given line c. Shew that there are in general two such points, 
and in the particular case in which those points coincide 

31. Find the tangent of the angle between the two lines 
represented by the equation 

32. Find the points of intersection of the straight lines 

jp + 2y — 5 = 0, 2» + y — 7 = 0, and y — a? — 1 = ; and shew 

3 
that the area of the triangle formed by them is ~ . 

33. The area of the triangle formed by the straight lines 
y = a?tana, y = a;tan/8, y = a?tan7+c, 

(? sin (a — /8) cos**/ 



IS 



2 sin (a-7) sin O8-7) * 
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34. Given the equations to two parallel straight lines, 
find the distance between them« 

35. Determine the angle between the Hnes 

- = 4co8tf + 3sintf, - = 3costf-4sind, 

r r 

36. Interpret Jf (^ = ; for example, sin 3^ = 0. 

37. If the axes be inclined at an angle o^ the condition 
that the lines 

may be equallj inclined to the axis of x in opposite direc^ 
tions is 

-— + ---= 2 cos fi>. 

38. In the preceding question, if besides being equally 
inclined to the axis of x the lines pass through the origin 
and are perpendicular to one another, the equation to the 
straight Imes is 

af + ^xy coso+y*cos2o = 0. 

39. Two parallel lines are drawn at an inclination 6 to 
the axis of x through the two points whose co-ordinates are 
a, &, and a\ b'; shew that the distance between these lines 
is (1/ — b) cos — (a — a) sin 0, Hence determine the rect- 
angle whose sides pass through four given points, and whose 
area is given. 

40. A square is moved so as always to have the two 
extremities of one of its diagonals upon two fixed lines at 
right angles to each other in the plane of the square ; shew 
that the extremities of the other diagonals will at the same 
time move upon two other fixed straight lines at right angles 
to each other. 

41. AB and BG are two lines perpendicular to each 
other, \4 is a fixed point, B moves along a given right 
line, and AB to ^(7 is a given ratio; determine the locus 

of a 
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42. OX and OF are fixed lines meeting in any ande; 
a line of given length slides along OX, and another line 
of ^ven length slides along OF. Find the locus of a point 
which is so taken that the sum of the areas formed by joming 
it to the ends of the moving lines is constant. 

43. Shew that the lines FG^ KB, AL, in the figure to 
Euclid !• 47, meet in a point. 

44. If upon the sides of a triangle as diagonals, paral- 
lelograms be described, havine their sides pwallel to two 
given lines, the other diagonals of the parallelograms will 
meet in a point. 

45. K firom a fixed point a straight line be drawn 
OABGD... meeting mAyB, C,Df... any given fixed straight 
lines in one plane, and if 

ox" OA^ OB^ OG^''' 
X being a point in OAj the locus of X is a straight line. 

46. Shew that the area of the triangle contained by the 
axis of y and the lines 

2K-.mJ* 



IS 



47. Determine the area of the triangle contained by the 
lines 

48. The area of the triangle formed by the three straight 
lines 

he ,' (zc ah 



IS 
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CHAPTER IV. 

STRAIGHT LINE CONTINUED. 

65. We have seen that each of the eqaations 

represents a straight line. We will now interpret the equa- 
tion 

Ax + By+ G'{'\{A'x + fft/+ (7') =0 (1), 

where X is some constant qiiantit7« 

I. Equation (1) must represent same straight line, because 
it is of the first degree in the variables a?, y. (Art. 16.) 

II. The line represented by (1) passes through the inter- 
section of the lines represented by 

Ax+Bt/ + G^0 (2), 

A'x + B'y+C' = (3). 

For the values of x and v which satisfy simultaneously (2) 
and (3) will obviously satis^ (1) ; that is, the point in which 
(2) and (3) intersect lies on (1). 

III. By giving a suitable value to the constant X the 
equation (1) may be made to represent any straight line which 
passes through the intersection of (2) and (3). 

For let x^, y^ denote the co-ordinates of the point of inter- 
section of (2) and (3) ; suppose any line drawn through this 
point, and let aj^, y^ be the co-ordinates of another point in it. 
Now we have already shewn in II. that the line (1) passes 
through (a?j, y J ; we have therefore only to prove that by 
giving a suitable value to X the line (1) can be made to pass 
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through {x^9 jfj, becaaise two Btraight lines which have two 
common pomts moat coincide. Su^titate x^, y^ for x and y 
respectively in (1), and determine X so as to satisfj the equa- 
tion. Thus 

^"" Ax^^B'y.+ C' 
Kow nse this value of X in (1) ; then the equation 

represents a straight line passing through (x,, y^ and (a;,, yj. 

We have thus prored that by giving a suitable value to \ 
the equation (1) will represent any straight line passing 
through the intersection of (2) and (3). 

66. The preceding article is very important, and com- 
monly presents diflSculties to beginners. The student should 
not leave it until he is thoroughly familiajr with the three 
propositions which are contained in it. The first proposition 
IS obvious. To prove the second propositian the student may, 
if he pleases, actually find the values of x and y which satisfy 
simultaneously Ax + 5y + (7=0, and Ax + Jffy + C = 0, 
and convince himself, by substituting these values, that they 
do satisfy Ax-^-By-^-G+X {A'x + J3ry + C) = 0. There is, 
however, no necessity for solving the first equations, because 
it is evident that values of x and y which make Ax-^-By-^ 
and A'x + B*y + 0' vanish simultaneously must make 
Ax -f- jy + (7 + X {A'x + B'y + C) vanish, because they make 
each of the two members of the expression vanish. The third 
proposition of the preceding article is usually the most dif- 
ficult-^the student is apt to think it needs no demonstration. 
It may be obvious, however, that by giving difiFerent values 
to X, different lines are represented, and tnat we can thus 
obtain eta many lines as we please, but this does not shew 
that we can by a suitable value of X in (1) represent any 
line passing through the intersection of (2) and (3). 
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For example, if the Btraight lines (2) and (3) be D8E and 
F80 respectivelj, it might have happened that all the lines 
represented by (1) fell within the angle F8D and none 




•within F8E. It requires to be proved then that by giving to 
X a suitable value in (I) we can obtain the equation to any 
line through 8. 

67. It is often convenient to denote by a single symbol 
the expression which we equate to zero in our investigations 
in this subject; for example, in Art. 51 we have used the 
symbol a as an abbreviation for ojcosa + y sina — ». In 
like manner we may denote such expressions as Ax-\-iy'\-Cy 



^' a^l 



!,..« by single symbols, as u^Vy u\. 



Now it will be seen that the demonstration in Art. 65 applies 
to any form of the equation to a straight line as well as to 
the form Ax + By+ u= which we have used. Hence the 
result may be enunciated thus : — ^if w = and t? = be the 
equations to two straight lines, and X a constant quaptity, 
the equation m + Xv = will represent a straight line passing 
through the intersection of the two lines ; and by giving a 
suitable value to X, the equation will represent any straight 
line passing through the intersection of the two lines. 

68. If w = and t; =* be the equations to two straight 
lines, then as we have shewn, w + Xt; = will represent a 
straight line passing through their intersection; it is sometimes 
convenient to use the more symmetrical form lu+mv^Of 
where I and m are both constants. It is obvious that what has 
been said respecting the first form applies to the second } in 
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fact the second is deducible from the first hj writing -j for X» 

It must be remembered throughout this chapter that I, m, 
n,... X,... are conatanta^ though for shortness we may omit to 
state it specially in every article. 

69. Similarly if u =: 0, t? = 0, tr » 0, be the equations to 
three straight lines, and Z, m, n be constants, the equation 

lu + mv+nw^O ..(1) 

will represent a straight line. Moreover, by giving suitable 
values to I, m, n we may in general make this equation re- 
present any straight line whatsoever. For suppose we wish 
this equation to represent the straight line passing through 
(a?j, y^ and (a?,, y^. Let w^, Vj, w^ denote the values of w, v, 
w respectively when we put x^ for x and y^ for y ; and let w,, 
Vj, «;, be the respective values when x^ and y, are put for x 

and y respectively. Then determine the values of y and -j 

from the equations 

lu^+mv^ + nw^ = 0, 

suppose we thus find 

substitute these values in the equation 

m n 



u + fV + jw^Of 



and we obtain 



u + ^v+^w^O, 



or \u + ^D + vw = 0, 

which represents ihe line passing through the points {x^^, y^ 
and (a?„ yj. 

We have said above that the equation (1) can in general 
be made to represent any straight line, because there are 
exceptions which we now proceed to notice. 
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When the lines represented hj u«0) vbO, and w^O 
meet in a point, the equation (1) represents a line which 
necessarily passes thromgh that point. For since the three 
given lines meet in a point, tt, «, and w vanish simultaneooslj 
at that point; therefore lu + mvA-nw also Tanishes at that 
point, so that the line represented by equation (1) passes 
through that point 

When the three given lines are parallel the equations 
tt = 0, i; = 0, ti>==0 will be of the form 

and thus equation (1) may be reduced to 

and this equation represents a line parallel to the given lines. 

Thus if the three given lines meet in a point or are 
parallel, equation (I) will not represent any straight line ; for 
the line represented by equation (I), in the former case passes 
through the point in which the given lines meet, and m the 
latter case is parallel to the given lines* 

We may shew that there is no other exception. For the 
only case in which the general investigation can fail is when 
X, /A, and V all vanish, that is, when 






.(2). 



We shall now prove that when equations (2) are satisfied, 
the three given lines eithcar all meet in a point or are parallel. 
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First suppofle that the points {i»^y yj and (a?„ v,) are not 
on any of the three given lines; ao mat none of l^e qtian^ 
titiee Wj, t?i, w^, w,, »„ w^ vanish. 

From the first of equations (2) we have 

hence by Art. 47 it follows that the ratio of the perpendicu- 
lars from fe > yj and (a?,, y,) on the line t; = 0, is the same as 
the ratio of the perpendiculars from the same points on the 
line w^O, Hence it will follow geometrically either that 
the lines i>«=0 and ti» sO are both parallel to the line joining 
(^i».yi) a^d (^s)yft)' ^^ ^^^ ^^^^ these three lines meet in 
a point. Similar results follow from the second of eauations 
(2), and from the third of equations (2). Hence in tnis case 
if equations (2) are satisfied, the three given lines either meet 
in a point or are parallel. 

Next suppose that one of the two given points is situated 
on one of the three given lines; suppose for example that 
«7, = 0. Then from the first of equations (2) it follows that 
either t;^ = or ti?, = 0. Suppose we take v^ = 0. Then 
from the second and third of equations (2) we deduce 
either that w = or else that w, = and t?, == ; in the 
former case tne three given lines all pass through the point 
(^i» Vi^ f ^^ *^® latter case the lines v = and «? = both 
pass through the two points (aj^, y^) and (a?,, y,), that is, 
two of the given lines coincide so that all three will reduce 
either to two intersecting lines or to two parallel lines. Sup- 
pose we take w, = in conjunction with w^ = 0. Then tne 
line w=sO passes through the given points (ajj, yj and (a?,, y,). 
From the third of equations (2) we nave 






and thus the lines u =: and t; = either meet on the line 
joining the points (a;^, yj and (ar,, yj, or are parallel to this 
line ; that is, the lines t^ = 0, v = 0« and w = either meet in a 
point or are parallel. 
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70. Let ftsO, 0^0 be the eanations to two lines ex- 
pressed in terms of the perpendicolars from the origin and 
their inclinations to the axia of x (see Art* 50), so that a is an 
abbreviation for a;cosa + y sina— p^, and ^ is an abbre- 
viation for ajcos)9 + ysin^— ^,; we proceed to shew the 
meaning of the equations a— i9»0 and a + iS^^O. 



Let 



8A be the line a = 0, 
SB i8 = 0; 



let BC bisect the angle A SB, and 8D bisect the supplement 
of A8B; the angle BSG is therefore a right angle. Take 
any point P in SG and draw the perpendiculars PMy PN on 
SAy SB respectively. If a?, y be the co-ordinates of P, the 
length of PM is a by Art. 64, and the length of PN ia /3. 
Since SG bisects the angle ASB^ PM^ PN; therefore for 




an 
S 



ly point in SG we have iS » a ; that is, the equation to 

Similarly, the equation to SB is 
a = — ^8. 
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Thus a — ^= and a+i8=0 represent tie two lines which 
pass through the intersection of a = and ^ = and bisect 
the angles formed hj these lines. 

71. The student must distinguish between the lines 
a — ^ = and a + /8 = ; the following rule may be used : 
the two lines a=0, /8=0, will divide the plane in which they 
lie into four compartments ; ascertain in which of these com- 
partments the origin of co-ordinates is situated; a— j8 = 
bisects that angle between a = and ^ = in which the 
origin of co-ordinates lies. This is obvious from the investi- 
gation in the preceding article and the remarks in Arts. 
53, 64. 

The equation a + X/8= represents a line such that \ is 
numerically equal to the ratio of the perpendicular from any 
point of it on a = to the perpendicular from the same point 
on ^ = 0. If \ is positive the line a + X/8 = lies in the 
same two of the four compartments just alluded to as the 
line a + /8 = ; if X be negative the line a + X^ = lies in 
the same two compartments as the line a — /3=0. From 
the figure to Art. 70 we see that PM=P8smP8M and 

FN= PSsinPSN; hence X or -^5tv= -. — r>rnfr ; that is, X ex- 

PN amPSN 

presses the ratio of the sine of the angle between a = and 

a + Xi3 =0 to the sine of the angle between /8 = and a + X/9=0. 

72. We shall continue to express the equation to a straight 
line by the abbreviation a = when the equation is of the 
form ojcosa+y sina— ^=0; when we do not wish to re- 
strict ourselves to this form, we shall use such notation as 
u = 0, v = 0, w' = 0, 

Let -M = 0, v = be the equations to two lines, the axes 
being rectangular or ohlique; then w — Xv = and t« -f Xi? = 
represent two lines passmg through the intersection of the 
first two. Suppose, as in Art. 70, that 8A^ SB are the first 
two lines and SC, 8D the second two ; then will 

smGSA^ QmBSA 
&m G8B^ sin DSB' 
T. c. s. 5 
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For hj Art. 57 it appears that if be the perpendicular 
from a pomt {x^ y) on the line u =: 0, tnen p=iiu^ where fL is 
a constant qtuinttty; similarlj if p denote the perpendicular 
from the same pomt on t; = 0, then^ = /n't?, where /*' is a con- 
stant quantity. Hence the equation u — Xt; = 0, or 2. — ^ = 

shews that ^ = -x: thus we see that numerically without 

regard to algebraical sign 

sin C8A __ \fi 

o,. M 1 ain D8A Xfi 

sin C8A __ sin D8A 
•'• BmC8B Bin D SB' 

73. We will apply the principles of the preceding articles 
to some examples. 

Let a = 0, i8 = 0, 7 = be the equations to three lines 
which meet and form a triangle, and suppose the origin of 
co-ordinates within the triangle ; then the equations to the 
three lines bisecting the interior angles of the triangle are, 
by Art. 70, 

iS-7 = 0...(l); 7-a = 0...(2); a-i8 = 0...(3). 

These three lines meet in a point ; for it is obvious that 
the values of x and y which simultaneously satisfy (1) and 
(2) will also satisfy (3). 

Again the equations to the three lines which pass through 
the angles of the triangle and bisect the angles supplemental 
to those of the triangle are 

iS + 7 = 0...(4); 7+a = 0...(5); a + /8 = 0...(6). 

It is obvious that (3), (4), and (5) meet in a point; simi- 
larly (5), (6), and (1) meet in a point; so likewise (4), (6), 
and (2) meet in a point. 

In all our propositions and examples of this kind, we shall 
always suppose the origin of co-ordinates within the triangle, 
unless the contrary be stated. 
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74. If a = 0, ^ = 0, 7 = be the equations to three lines 
which form a triangle, then any line may be represented by 
an equation of the form Za + m^ + ?vy = ; for the exceptional 
cases noticed in Art. 69 cannot occur here. 

Let a, h^ c denote the lengths of the sides of the triande 
which form parts of the lines a = 0, /8=0, 7 = respectively. 
Take any point within the triangle and join it with the 
three angalar points ; thus we obtain three triangles the areas 

of which are respectively — 5- , — -^ , and — ^. Hence 

aa + J/S + {57 = a constant; 

the constant being in fact twice the area of the triangle taken 
negatively. 

This result holds obviously for any point within the triangle 
determined by a = 0, /8 = 0, 7 = 0. It will be found on ex- 
amining the different cases which arise that it is also true for 
any point withmt the triangle. Hence it is universally true. 

Suppose we require the equation to a line parallel to the line 

Za + m^ + n7 = 0. 

This required equation may be written 

Za + !»ii8 + W7+* = 0, 

where A; is a constant. (Art. 38.) 

Or, since aa + J^ + 07 is a constant, the required equation 
may be written thus, 

Za + wi)8 + n7 + A;' (aa + J/8 + 07) = 0, 

where 1c is a constant. 

75. The lines represented by the equations w = 0, v = 0, 
t^ = 0, will meet in a point, provided m + wit? + n«(? is iden- 
tically=sO; ?, wi, n being constants. For if lu + mv + nw^O 
identically f we have 



lu + mv , 
w = always. 



5—2 
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Hence the equation w^^O may be written 

^u + mv _^ 
— - 0, 

n 

that is, the line 1^ = is a line passing through the inter- 
section of u = and i? = 0. 

76. The following example will furnish a good exercise 
in the subject. 




B AS 



Let ABCD be a quadrilateral ; draw the diagonals AC, 
BD ; produce BA and CD to meet in E, and AD and BC to 
meet in F] join EFy forming what is qalled the third diagonal 
of the quadnlateral. Suppose 

u — 0, the equation to AB^ (1), 

v^%... BC, (2), 

ii? = 0, CD, (3). 

We propose to express the equations to the other lines of 
the figure m terms of w, v, w, and constant quantities. As- 
sume for the equation to BD 

lu'-mv = (4), 

and for the equation to CA 

mv^nw = (5). 

These assumptions are legitimate, because (4) represents 
some line passing through B, whatever be the values of the 
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constants I and m ; by properly assuming these constants, we 
may therefore make (4) represent BD. Also (5) represents 
807ne line through (7, and by giving a suitable value to w, we 
may make it represent CA. We may if we please suppose 
one of the three constants Z, m, n, equal to imity, but for the 
sake of symmetry we will not make this supposition. The 
equation to AD is 

lu'-mv + nw^O (6); 

for (6) represents a line passing through the intersection of 
lu—mv = and t(? = 0, that is, a line through 2); also (6) 
represents a line passing through the intersection of w = 
and mv — nw^ 0, that is, a line through A. Hence (6) re- 
presents AD. The equation to EFis 

lu+nw=^0 (7); 

for (7) obviously represents some line through E, and since 
lu-^nw = lu'-mv + nw + mv, (7) represents some line through 
F. Hence (7) represents EF. 

Let (y be the intersection of -40 and BD. The equation 
to EG ia 

lu'-nw-O (8); 

for {S) represents a line passing through the intersection of 
1} f«id (3), and also* through the intersection of (4) and (5). 
"^he equation to FG is 

lu — ^mv + nw^O (9) ; 

for (9) represents a line passing through the intersection of 
(4) and (5), and also through the intersection of (2) and (6). 

Suppose BD produced to meet EF in JT, and AG and 
EF produced to meet in K; then it may be shewn that the 
equation to 

^J7is 2lu — mv + nw = 0y 
that to Cffis mv + nio = 0, 

KB is lu + mv^O, 

...KDislu — mv + 2nw=0. 

We have introduced this example, not on account of any 
importance in the results, but as an exercise in forming thd 
equations to lines. We proceed to another example. 



* 
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77. If there be two triangles sach that the lines joining 
the corresponding angles meet in a point, then the intersec- 
tions of the corresponding sides lie in a straight line* 




Let ABC be one triangle, ABC the other triangle ; let 8 
be the point in which the lines AA\ BB^ CC meet. Let 
the equation to BG be w = 0, to GA t;= 0, and to AB «; = 0. 
Assume for the equation to 



BG' ru + 7nt? + nM? = 0. 
and to G'A' lu -{-m^v-^-nw =■ 0. 



.(1), 

.(2). 



It is shewn in Ark 69 that the equation to ffG' may be 
written in the above form, and bj the method of that article 
it maj be shewn that by giving suitable values to the con- 
stants Z, in\ we may make (2) represent G'A'. We will now 
prove that the equation to A'B may be written in the form 

lu + mv + n!w = (3). 

The constant n' may be obviously determined, so as to 
make the line represented by (3) pass through A' ; let n' be 
so determined ; it remains to shew that the line (3) will pass 
through B\ From (1) and (2) it follows that Ae equation 



(r-Qw+(7n-w')t? = 0, 



.(4) 



represents some line through G'; but (4) obviously represents 
a line passing through the mtersection of BG and GA. Hence 
(4) is tne equation to GG\ 
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Again, the line represented by (3) by supposition passes 
through A'\ hence from (2) and (3) we see that 

(w'— m)t; + (w — w')«(? = (5) 

is the equation to AA\ 
The equation 

(r-Z)w+(n-w')u^ = (6) 

represents a line passing through the intersection o{ BG and 
ABy that is, through B; and from (4) and (5) it follows that 
this line passes through the intersection of GC and AA\ 
that is, through 51 Hence (6) is the equation to 8B. 

Now from (1) and (3) it follows that the lines represented 
by these equations meet on the line (6). Hence (3) is the 
equation to A'B'. 

The required proposition now easily follows: for the line 
represented by 

lu + mv + nw=0 (7) 

passes through the intersection of jB(7and B'G\ of GA and 
G'A\ and oiAB and A'B'; that is, these three intersections 
are in the same straight line. 

Conversely, if there be two triangles such that the inter- 
sections of the corresponding sides lie in a straight line, then 
the lines joining the corresponding angles meet in a point. 
To prove this we may begin with the equations to BCfy GA, 
AB, B'G\ G'A' as before, and assume (3) as the equation to 
some line through A\ Then (7) will represent the line pass- 
ing through the intersection of BG and BG', and of GA and 
G'A'-, now (3) is the equation to a line passing through the 
intersection oi AB and (7); hence (3) must be the equation to 
AB. Then from the form of (1), (2), and (3), it follows im- 
mediately that GG* passes through the intersection of AA' 
and BB. 

It may be shewn also that the equation to the line which 
passes through the intersection of ABdJidLA'G\ and oi AG 
and AB is 

lu-^-m'v+nw^O (8). 

And the intersection of (8) with BG will lie on the line 

fw + wi'v + n'w? = (9). 
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Similafly the line joininff the intersection of BA and jB' C 
with the intersection oi BU and BA' will meet GA on (9). 
And also the line joining the intersection of CA and US' 
with the intersection of UB and CA* will meet AB on (9). 

78. The equation i« + Xv = represents a straight line 
passing through. the intersection of the lines w = 0, t? = 0. 
Hence if there be a series of straight lines the equations of 
which are all of the form w + \v = 0, and differ merely in 
having different values of the constant \, all these lines pass 
through a point, namely, the intersection of w = and v = 0. 



EXAMPLES. 

1. Find the equation to the straight line passing through 
the origin and the point of intersection of the lines 

a^b ^\ a'^V ^• 

2. -4, A are two points on the axis of aj, and jB, J5' on 
that of y, at given distances from the origin ; AB and AS 
intersect in P, and AB' and A'B in Q ; find the equation to 
the straight line PQ, and shew that the axes are divided 
harmonically by it. 

3. If a =0, ^ = 0, 7 = be the equations to the sides 
of a triangle ABC opposite the angles A^ P, (7, prove that 
a sin^ — ^ sinP=0 is the equation to the straight line 
bisecting AB from (7. 

4. Prove b^ means of such equations as that given in the 
preceding question the first proposition in Art. 64. 

5. Shew that a cos -4 — ^ cos P= is the equation to tha 
perpendicular from C on AJB. 

6. Hence prove the second proposition in Art. 64. 
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7. If o, J, c be the lengths of the sides of a triangle 
opposite the angles -4, 5, 0, respectively, prove that 

a cos u4 — )8cos B-{-— (sin J? cos -4 — sin -4 cos 5) = 

is the equation to the line which hisects AB and is perpen- 
dicular to it. The equation may also be written 

/ asinjBsinCA . /^ isin (7sin j4\ ^ ^ 
(a+ — ir-^ — ^i— Jcos^- h8+ — ^r-^— v>" co85=0. 
V 2 8in-4 / V 2sm2? / 

8. Hence prove the third proposition in Art. 64. 

9. Interpret the equation aa + J/S = 0. 

10. Shew that oa 4- J^ — cy = is the equation to the line 
which joins the middle points oi AG and EC. 

11. Shew that 

a cos -4 + /8 cos jB— 7 cos (7= 

is the equation to the line which joins the feet of the perpen- 
diculars from A on 5(7, and from B on AC. 

12. If lines be drawn bisecting the angles of a triangle 
and the exterior angles formed by producing the sides, these 
lines will intersect in only four points besides the angles of 
the triangle. 

13. If w = 0, i? = 0, t£? = be the equations to three 
straight lines, find the equation to the line passing through 
the two points 

C m n L m n 

14. Find the equation to the straight line passing through 
the intersections of the pairs of lines 

and 2bu + av + cw = 0, av--cw — 0. 
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16. K a = 0, /8 = 0, 7 = be the equations to the sides of 
a triangle ABG^ shew that the equation to the straight line 
which joins the centres of the inscribed circle and the circum- 
scribed circle is 

a (cos -B— cos G) + /8(cos — cos A) + 7(003 -4 — cos B) = 0. 

16. If the equations to the sides of a triangle ABC be 
tt = 0, i? = 0, t^ = 0, and to the sides of a triangle ASG\ 
u = a^ v = by w=iCf then will AA\ BBy and GC meet in 
a point. 

17. If the lines AA\ BB^ GG\ in the last question meet 
respectively the sides of the triangle ABG in i>, E^ F^ shew 
that the intersections of BE and AB, of EF and BG, of FD 
and C4, will all lie in one straight line ; and that a similar 
property will hold for the intersections of the same lines with 
the sides of the triangle A!BG\ 

18. In Art. 76, suppose the line joining F and Q 
to meet AB in P and C4> in Q\ then find the equations 
to CP, DPy AQ, BQj in terms of the notation of that 
article. 

19. From the middle points of the sides of a triangle 
perpendiculars are drawn (all internal or all external) and 
proportional to those sides; prove that the straight lines 
which join the angles with the extremities of the opposite 
perpendiculars pass through one point. 

20. Let the three diagonals of a quadrilateral be produced 
to meet each other in three points, and let each of these 

{)oints be joined with the two opposite comers of the quadri- 
ateral ; the six lines so drawn will meet each other three 
and three in four points. 

21. In the fi^e constructed in the preceding question 
the four, lines which meet each other in any comer of the 
quadrilateral are so related that two of them are parallel to 
tne sides, and two to the diagonals of some parallelogram. 
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22. Prove that the three points of intersection which are 
found in questions 4, 6, 8, lie on the straight line 

a sin -4 cos -4 sin (J9— C) +/8sin J5cos5sin ((7— -4) 

+ 7 sin (7 cos (7 sin (-4— 5) = 0. 

23. Let any point P be taken in the plane of the triangle 
ABG, and from the angular points A, JB, C, straight lines 
drawn through it cutting the opposite sides or the sides 
produced in a, i, c, respectively; let BC, be be produced 
to meet in a'; CA and ca in V) and AB and ah in o'; then 
shew that the points a', i', c' are in one straight line. 

Also })rove that the straight lines Bh\ Gc\ and Aa meet 
in one point; so also Gd^ Aa\ and Bb) and Aa!j Bb\ and 
Cb. 

24. Three points A\ J5', C' in the sides BG, GA, AB 
of a triangle being joined form a second triangle of which any 
two sides make equal angles with the side of the former in 
which they meet. Shew that AA^ BB\ GC are perpen- 
diculars to BG, GA, AB. 

25. ABG is any triangle, the centre of the inscribed 
circle, O the centre of the escribed circle which touches BG. 
The line GO meets BG in i), and any straight line drawn 
through D meets AG'mE and AB in F. The lines OF and 
OE meet in P, and the lines OE and O'jP in Q. Shew^ that 
^, P, and Q lie in one straight line perpendicular to 00'. 
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CHAPTER V. 



TRANSFORMATION OF CO-ORDINATES. 

79. We have seen in the preceding articles that the 
general equation to a straight line is of the form y =«ia; + c, 
but that the equation takes more simple forms in particular 
cases. If the origin is on the line the equation becomes 
y^mx\ if the axis of x coincides with the line, the equatiofi 
becomes y = 0. In a similar manner we shall see as we 
proceed that the equation to a curve often assumes a more 
or less simple form, according to the position of the origin 
and of the axes. It is consequently found convenient to 
introduce the propositions of the present chapter, which enable 
us when we know the co-ordinates of a point with respect to 
anv origin and axes, to express the co-ordinates of the same 
point with respect to any other given origin and axes. It 
will be seen that these propositions might have been placed 
at the end of the first chapter, as they involve none of the 
results of the succeeding chapters. 

80. To change the origin of co-ordinates without changing 
the direction of the aoces, the axes being oblique or rectangular. 




CHANGE IN DIRECTION OF BECTANGULAB AXES. 
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Let OX, or be the original axes; O'-T, OY the new 
axes; so that OT is parallel to OZ, and OT' to OF. 
Let A, h be the co-ordinates of 0' with respect to 0, Let P 
be any point ; aj^ y its co-ordinates referred to the old axes ; 
a;', y' its co-ordinates referred to the new ^ixes. 

Let F a produced cut OZ in ^ ; draw FM parallel to F 
meeting OX in N\ then 

0-4 = A, ^0'=A;; 

a?= OJf=^if+ 0-4= 0'JV^+ 0^= aj' + A, 

y = PJf = PJV'+ JOf = PJV^+ ^ 0' = y' + Jfe. 

Hence the old co-ordinates of P are expressed in terms of 
its new co-ordinates. 

81. To change the direction of the axes withmU changing 
the origin, both systems^ being rectangular. 




Let OX, or be the old axes ; OX', OY' the new axes, 
both systems being rectangular; let the angle X0X' = 6. 
Let P be any point ; x, y its co-ordinates referred to the old 
axes ; x\ y' its co-ordinates referred to the new axes. Draw 
PM parallel to OF, PM' parallel to 0Y\ M'N parallel to 
OY, and M'R paraUel to OX. 

Then X = OJf = ON-- MN= ON-- M'R 
= OM* cos XOX' ^ PJf' sin MTR 
= a?' cos^— y sin^; 
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Hence the old co-ordinates of P are expressed in terms of 
its new co-ordinates. 

82. In the preceding article is measured from the posi- 
tive part of the axis of x towards the positive part of the axis 
of y; therefore if in any example to which the formulse are 
applied, OX' fall on the other side of OX^ must be con- 
sidered negative. 

From the formulse of the preceding article, we see that 

«' + y" = »'* + y'*; 

this of coarse should be the case, since the distance OP is the 
same whichever system of axes we use. 

83. To change the direction of the axes without changing 
the origin^ both aystema being oblique* 




Let OX, OF be the old axes; 0X\ OY' the new axes. 
Let {XY) denote the angle between OJT, 0Y\ and let a 
similar notation be used to express the other angles which 
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are fonned by the lines meeting at 0. Let P be any point ; 
a?, y its co-ordinates referred to the old axes ; a?', y* its co- 
ordinates referred to the new axes. Draw PM parallel to 
OF, and FM[ paraUel to OF'; from P and M' draw Pi, 
Jlf'-AT perpendicular to 0Y\ from M* draw M*It perpendicular 
to Pi. Then 

x'^OM\ y'^PM'. 

Now PL = perpendicular from Jf on F= x sin [XY) , 
also PL = ItL + PIi=^M'N+PB 

= OJf' sinX'Or+PJlf' sin F'OF 

= aj'sin(X'r)+ysin(rr); 
.-. ajsin(Xr) = aj'sin(X'r)+y'sin(r'r) (1). 

Similarly by drawing from P and M' perpendiculars on 
OX we may prove that 

j^sin(rX)=a;'sin(X'X)+y'sin(r'X) (2). 

Equations (1) and (2) express the old co-ordinates of P in 
terms of its new co-ordinates; {YX) and (XY) denote the 
same angle, but we use both expressions for greater sym- 
metry* 

Let XOZ' = a, XOY'^p, XOY=a>; then (1) and.(2) 
become 

a? sin fi) = a?' sin (fi) — a) +y'sin(G) — ^) (3), 

ysina) = a?'sina +y sin^ (4). 

84. Two particular cases of the general proposition in the 
preceding article may be noticed. 

If the original axes are rectangular fi> = « > ^^^ the equa- 
tions (3) and (4) become 

a? = a?' cos a + y' cos fi, 
y = a?' sin a + y' sin fi. 
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If the new axes be rectangulax iS = « + a, and the equa- 
tions (3) and (4) become 

a; sin 00 s= a?' sin (o) — a) — y cos (© — a), 
y sin © = »' sin a +y' cos a. 

85. Suppose we require to change both the origin and 
the direction of the axes ; let a:, y be the co-ordinates of a 
point referred to the old axes ; x\ y* the co-ordinates of the 
same point referred to the new axes. By Arts. 80 and 83 
we have 

a = ajj + A, 

where Ti and Tc are the co-ordinates of the new origin referred 
to the old axes, and 

_ a/ sin (g) — tt) + y' sin [to — /8) 



smo) 
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_ x' sin g + y sin /8 



smo) 



The expressions for x^ and y^ will simplify when pne or 
each of the systems is rectangular. (See Art. 84.) 

86. The formulae which connect the rectangular and polar 
co-ordinates of a point in the particular case in which the 
orlffin is the same m both systems, and the axis of a; coincides 
with the initial line, have already been given. (See Art. 8.) 
The following is the general proposition. 

To connect the polar and rectangular co-^yrdinates of a 
point. 

Let OX, OF be the rectangular axes ; let 8 be the pole 
and 8A the initial line. Let A, h be the co-ordinates of 8 
referred to 0; draw 8X* parallel to OX, and let the angle 
A8X'=^a. 
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Let P be any point ; oj, y its co-ordinates referred to the 
rectangular axes; r, its polar co-ordinates. Draw PM, 
iS'C? parallel to OF, the former cutting 8X' in N^ and join 
8P; then 

aj=(?Jf, y = Pif, 

r = iSP, ^ = the angle PyS^l, 

And aj= 0C+ CM^ 0G+ SN 

« A + r COB (tf + a).. (1), 

y^MN+PN^8G+PN 

« ft + rsin(« + a) (2). 

If a = we have 

a? = A + rcos^ , (3), 

y^^k + rsmO (4). 

87. By means of the formulae' of the present chapter we 
shall sometimes be able to simplify the form of an equation; 
for example, the axes being rectangular, suppose we have 

y* + aj*+6icy = 2 (1). 

This equation represents some locus, and by ascribing 
different values to x and determining the corresponding 
values of y from the equation, we can find as many points 
of the locus as we please. The equation however will be 
simplified by turning the axes through an scngle of 45*. In 

the formulae of Art. 81 put -jforO; thus 

T. c. s. 6 
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a: = ?^^ t/=:?^^ (2). 

Substitute these values in (1) ; thus 

/. 2 (a?'* + 6aj V + y'*) + « (x" - y'^' = 8, 
or aj'* + y* = l (3). 

Since (3) is a simpler form than (1), we shall find it easier 
to trace the locus by using (3) and the new axes, than by 
using (1) and the old axes. The student must observe that 
we make no change in the locus b;^ thus changing the axes 
or the origin to which we refer it; that is, equation (1) 
represents precisely the same assemblage of points as (3); 
for instance, the point for which a;'=l and y'—O is obviously 
situated on the locus (3); now this point will by (2) have for 
its co-ordinates referred to the old system 

and these values satisfy (1), that is, ihia point is on the 
locus (1). 

We may remark that we cannot alter the degree of an 
equation by transforming the co-ordinates. For if in the 
expression Aof-y^ we substitute the values of x and y in terms 
of X and y given in Arts. SO — 84, we obtain 

where a, J, c, e, A, Tc are all constant quantities; by expanding 
this expression we shall obtain a series of terms of the form 
A!x''^y^y where 7+S cannot be greater than a + /8. Hence 
the degree of an equation cannot be raised by transformation 
of co-ordinates. Neither can it be depressed; for if from a 
given equation we could by transformation obtain one of a 
lower degree, then by retracing our steps we should be able 
from the second equation to obtain one of a higher degree, 
which has been proved to be impossible. 
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EXAMPLES. 

1. Change the equation r' = a"cos2tf into one between 
X andy. 

2. Shew that the equation 4ajy — 3a:^ = a' is changed into 
iB? — 4^ = a", if the axes be turned through an angle whose 
tangent is 2. 

3. Transform V^+Vy = V^ so that the new axis of x 
may be inclined at 45° to the original axis. 

4. The equation to a curve referred to rectangular axes 
is y* + 4ay cot a — iax = ; find its equation referred to 
oblique axes inclined at an angle a retaining the same axis 
of 0?. 

5. Shew that the equation a?t^=a (a^+y*) will admit of 
solution with respect to y if the axes be moved through an 
angle of 45°. 

6. If X, y be co-ordinates of a point referred to one system 
of oblique axes, and x\ y* the co-ordinates of the same poin^ 
referred to another system of oblique axes, and 

X = ma! + ny\ y = mx + n*y\ 
shew that 

fn? + m" -- 1 _ 'rnm 



6—2 
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CHAPTER VI. 



THE CIRCLE. 



88. We now proceed to the consideration of the loci 
represented by equations of the second degree ; the simplest 
of these is the circle^ with which we shall commence. 



To find the equation to the circle referred any rectangular 



axes. 




N 



M 



X 



Let G be the centre of the circle ; P any point on its cir- 
cumference. Let c be the radius of the circle ; a, b the co- 
ordinates of G; Xytf the co-ordinates of P. Draw GN^ PM 
parallel to OF, and GQ parallel to OX. Then 

aG' + PG'=(7P'; 

that is, (a;-a)»+(y-J)' = c' (1), 

or cc« + y»-2aaj-2Jy + a" + i"-c* = (2). 

This is the equation required. 
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The following varieties occur in the equation. 

I. Suppose the origin of co-ordinates at the centre of the 
circle; then a = 0, and 5 = 0; thus (1) and (2) become 

a^ + y«-c" = [ (3). 

II. Suppose the origin on the circumference of the circle ; 
then the values a? = 0, y = 0, must satisfy (1) and (2) ; 
therefore 

a* + J'-c'=0, 

which relation is also obvious from the figure, when ia on 
the circumference ; hence (2) becomes 

aj" + y'-2aa;-2Jy = (4). 

ni. Suppose the origin is on the circumference, and that 
the diameter which passes through the origin is taken for the 
axis of a;; then J = 0, and a^ = c^} hence (2) becomes 

a?" + ^-2aaj = (5). 

Similarly if the origin be on the circumference and the 
axis of y coincide with the diameter through the origin, we 
have a = 0, and Wz=zc^\ hence (2) becomes 

x' + y'-'2hy = (6). 

Hence we conclude from (2) and the following equations, 
that the equation to a circle when the axes are rectangular 
is always of the form 

where -4, 5, C are constant quantities any one or more of 
which in particular cases may be equal to zero. 

89. We shall next examine, conversely, if the equation 

a? + i^ + Ax + £2/+C=^0 (1) 

always has a circle for its locus. 
Equation (1) may be written 

Hhk^^'-^-c (^). 



88 TANGENT TO A CIBCLE. 

I. If ^' + -B* — 4 (7 be negative^ the locus is impossible. 

II. If ^■+£• — 4(7=0, equation (2) represents sl point 

AS 
the co-ordinates of which are — -^ , — — . This point may be 

considered as a circle which has an indefinitely small radius. 

III. If ^* + ^* — 4(7 be positive, we see by comparing 
equation (2) with equation (1) of the preceding article that it 
represents a circle, such that the co-ordinates of its centre are 

«:^, -|, and its radius i(^» + £«- 4(7)*. 
2 2 

It will be a useful exercise to construct the circles repre- 
sented by given equations of the form 

a? + y' + Ax + By + O-=0. 

For example, suppose 

rai' + y" + 4a;-8y-5 = 0, 

or a; + 2)'+(y-4)» = 5 + 4 + 16 = 25. 

Here the co-ordinates of the centre are —2, 4, and the 
radius is 5. 



Tangent and Normal to a Circle. 

90. Def. Let two points be taken on a curve and a 
secant drawn through them ; let the first point remain fixed 
and the second point move on the curve up to the first ; the 
secant in its limiting position is called the tangent to the 
curve at the first point. 

91. To find the equation to the tangent at any point of 
a circle. 

Let the equation to the circle be 

a^ + y' = C (1). 

Let x\ y* be the co-ordinates of the point on the circle at 
which the tangent is drawn ; and a:", y the co-ordinates of 



. r • 
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an adjacent point on the circle. The equation to the secant 
through {x\ y') and (a?", y") is 

y-y=|''r^(^-^0 (2). 

Now since (x\ y') and (a?", y") are both on the circumfer- 
ence of the circle, 

.*. \>j subtraction, 

or (x" - x') {x" + x') + (y- y') {f + y') = ; 

. y"-.v'_ a;"+a!' 

Hence (2) may be written 

y-y'—Yi^y'i^-'^) (3)-' 

Now in the limit when {x\ y") coincides with {x\ y), we 
have x" = x\ and y" = y' ; hence (3) becomes 

Thus the equation to the tangent at the point (a;', -tf) is 

y_y— ^(x-a,') (4). 

This equation may be simplified ; by multiplying by y and 
transposing we have 

a»;' + yy = a;'^H-y'»; 

.•• XX -k-yy = c' (5). 

92. The equation to the tangent can be conveniently ex- 
pressed in terms of the tangent of the angle which the line 
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makes with the axis of x. For the equation to the tangent 
at (x\ y') is 

x' . c" 

or ^""y'*'"^y' 

x' 
Let T^m; thus the equation becomes 

y^mx+^. 

We have then to express -7 in terms of m. 

Now a?' = — wy', 

and a" + y" = c"; 

and y' = -77; =r . 

Hence the equation to the tangent may be written 

y = mo? + c V(l + w')« 

Conversely every line whose equation is of this form is a 
tangent to the circle. 

93. The definition in Art. 90 may appear arbitrary to the 
student, and he may ask why we do not adopt that given by 
Euclid fDef. 2, Book iii.). To this we reply that the defini- 
tion in Art. 90 will be convenient for every curve, which is not 
the case with Euclid's definition. The student however cannot 
at first be a judge of the necessity or propriety of any defini- 
tion ; he must confine himself to examining the consequences 
of the definition and the accuracy of the reasoning based 
upon it. 

We may easily shew however that the line represented by 
the equation 

xx'+yy' = c* (1) 
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toiuJiea^ according to Euclid's definition, the circle 

a^+3^ = c» (2), 

the point {x\y') being supposed to lie on the circle. To find 
the point or points of intersection of the line and circle we 
combine the equations (1) and (2) ; substitute in (2) the value 
of y from (1), then 



a^+(^ 



or a?(aj'* + y'")-2c"a;'aj + c*-cV'*==0, 

or <?ix?-2c^x'x-\-(?x*^^0\ 

.•. aj'-2axB' + a?'*=0; 

.•. x==x'; 

.". from (l),y = y'. 

Hence (1) and (2) meet in only one point, the point {x\ y'). 
Hence (1) touches me circle according to Euclid's definition. 

94. Also every line which meets the circle in one point 
only is a tangent to the circle. 

For suppose 

aj^ + y' = c' 

to be the equation to a circle and 

y = mx + n 

the equation to a straight line ; to find the points of inter- 
section of the line and circle we combine the equations ; thus 
we obtain 

{mx + ny + x*ssc^ 

or (w" +1)0? + 2mnx + w' — c* = 

to determine the abscissae of the points. Now this quadratic 
equation will have two roots except when 

(m'* + l)(w'-c") = wV, 

that is, when n' = c* (1+ m^. 
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Hence if the straight line meets the circle it mnst meet it 
in tioo points unless this condition holdj3, and then, by Art. 92, 
the line is a tangent to the circle. 

95. Instead of supposing one of the points on the circle 
fixed and the other to move along the circle as in the defi- 
nition of Art. 90 we may suppose both to move alonff the circle 
until they meet at some nxed point of the circle, and the 
secant in its limiting position will be the tangent at that 
fixed point. For let (a?', y) and {x", y") denote the two 
moving points on the circle, and (a?j, y^ the fixed point. 
Then as in equation (3) of Art. 91, we shall have for the 
equation to the secant 

In the limit x* and x' each = a?,, and y' and y" each =y^, and 
we obtain for the equation to the tangent at (a?^, yj 

which agrees with the former result. 

96. If the equation to a circle be given in the form 

(a?-a)'+(y-Jr-c' = 0, 

we may find the equation to the tangent at any point in the 
same manner as in Art. 91. 

Let (a?', y') be the point on the circle at which the tangent 
is drawn ; (a:", y") an adjacent point on the circle ; then 

(x'-a)'+(y'-ir~c« = 0, 

(a^"-a)»+(y"-J)«-c' = 0; 

... (:^"-a)««(a.'-a)» + (y"-i)^-(3^'-J)' = 0, 

or (aj"-aj')(a:" + a:'-2a) + (y"-y){y" + y'-2J)=0...(l). 

Also the equation to the secant through («', y') and (a?", y") is 

y-y'=fc|' (<«-«') (2)- 
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By means of (1) this may be written 

y-y'-f^^,(--') (3)- 

Now in the limit x" =a;' and tf"=y' ; hence we have for 
the equation to the tangent at {x\ y') 

y~y'=-^3|(*-^') • (^)- 

This may be written 

y-S-(y'-i)=-^3|{a;-a-(a;'-a)}; 

/. (a:-a)(a:'-a) + (y--«)(y-&) 

= (aj'-.a)"+(y-5)' = c' (5). 

97. Def. The normal at any point of a curve is a straight 
line drawn through that point perpendicular to the tangent to 
the curve at that point. 

98. To find the equation to the normal at any point of a 
circle. 

Let the equation to the circle be 

^•+y* = c' (1), 

and let x\ y* be the co-ordinates of a point on the circle, then 
the equation to the tangent at that pomt is 

xx-\'yy'=^c*^ 
X . c 

Hence the equation to a line through (»', y*) perpendicular 
to the tangent at that point is 

y' 
or y=|-'*- 
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Since this equation is satisfied hj the values a; = 0, y = 0, 
the normal at any point passes through the origin of co-ordi- 
nateSy that is, through the centre of the circle. 

99. From any external point two tangenta can be drawn to 
a circle* 

Let the equation to a circle be 

«^'+y" = C (1), 

and let A, h be the co-ordinates of an external point. Sup- 
pose x\ tf the co-ordinates of a point on the cirde .such that 
the tangent at this point passes through (A, i). The equation 
to the tangent at (a;', y') is 

7xc'Jfyy'^c\ (2). 

Since this tangent passes through (A, A) 

hx' + hy'^c^ (3). 

Also since {a!^ y*) is on the circle 

^"+y" = c' (4). 

Ecjuations (3) and (4) determine the values of x* and y\ 
Substitute from (3) in (4), thus 



«"(*• + *•) -2c'Aaj' + c«(c'-*') = 0. 



The roots of this quadratic will be found to be both possible 
since (A, Ic) is an external point and therefore h* + J(f greater 
than c*. To each value of x' corresponds one value of y' by 
(3) ; hence two tangents can be drawn from any external 
point. 

The line which passes through the points where these tan- 
gents meet the circle is called the chord of contact. 

100. Tangents are dravm to a circle from a given external 
point ; to find the equation to the chord ojcontact. 

Let A, h be the co-ordinates of the external point ; aj^, y^ 
the co-ordinates of the point where one of the tangents frora 
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(A, A) meets the circle ; a?,, y, the co-ordinates of the point 
where the other tangent from (A, k) meets the circle. 

The equation to the tangent at {x^j yj is 

?^i+yyi=^ (!)• 

Since this tangent passes through (A, ^), we have 

hx^^ky^^if (2). 

Similarly, since the tangent at (a;,, yj passes through 
(A, h), 

Aa;, + %,=:c" (3). 

Hence it follows that the equation to the chord of con^ 
tact is 

xh-^yh^c? (4). 

For (4) is obviously the equation to some straight line; also 
this line passes through {x^, y^), for (4) is satisfied by the 
values x = Xj^,v=^y., as we see from (2); similarly from (3) 
we conclude that this line passes through (ajj,y,). Hence 
(4) is the required equation. 

Thus we may proceed as follows in order to draw tangents 
to a circle from a given external point — draw the line which 
is represented by (4) ; join the points where it meets the circle 
with the given external point and the lines thus obtained are 
the required tangents. 

101. Through any fioced point chords are drawn to a circle, 
and tangents to the circle drawn at the extremities of each chord; 
the locos of the intersection of the tangents is a straight line. 

Let hykhQ the co-ordinates of the point through which 
the chords are drawn; let tangents to the circle be drawn. at 
the extremities of one of these chords, and let {x^y-y^ be the 
point in which they meet. The equation to the correspond- 
ing chord of contact is, by Art. 100, 

But this chord passes through {h, k) ; therefore 
hx^ + ky^^c*. 
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Hence the point {x^j y^ lies on the line 

that is, the locos of the intersection of the tangents is a 
straight line. 

We will now prove the converse of this proposition. 

102. If from any point in a straight line a pair of tangents 
he drawn to a circle^ the chords of contact vnll all pass through 
a fixed point. 

Let ^a? + J5y+(7=0 (1) 

be the equation to the straight line ; let (a?', y*) be a point in 
this line from which tangents are drawn to the circle; then 
the equation to the corresponding chord of contact is 

a:aj'+yy = c" (2). 

Since (a?', y') is on (1) 

Ax*-¥By+G^O\ 

therefore (2) may be written 

, Ax'^-C . 
XX -y 5 — =c*, 



or 



(,_^),'_^.^=0 (3). 



Now, whatever be the value of x\ this line passes through 
the point whose co-ordinates are found by the simultaneous 
equations 



Ay- 


»^W^o: 


t for which 




Be* 

y- Q > 


Ac' 



103. The student should observe the different interpreta- 
tions that can be assigned to the equation 

a;A+yfc-c' = 0. 
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I. If (A, h) be any point whatever, the equation represents 
the locus of the intersection of tangents at the extremities of 
each chord through (A, k). (Art. 101.) 

II. If (A, Jc) be an external point, the equation represents 
the chord of contact, (Art. 100.) 

ni. If (7t, h) be on the circle, the equation represents the 
tangent at that point. (Art. 91.) 

In the following figures Q denotes the point (A, A;), and 
BB the line 

xh-\-yh = (?. 




In the first figure Q is within the circle, and the line BB 
receives only the interpretation I. 

In the second figure Q is without the circle, hence the line 
BB receives both interpretations I. and II. ; if therefore tan- 
gents be drawn from Q to the circle they will meet it at the 
points where BB intersects it. 

If ^ be on the circle, then BB becomes the tangent at Q. 
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CIBCLE REFERRED TO OBLIQUE AXES. 



Ohlique Axes. 

104. To find the equation to the circle, referred to any 
oblique axes. 




Let 6) be the inclination of the axed; let be the centre of 
the circle ; P bjxj point on its circumference. Let c be the 
radius of the circle; a, h the co-ordinates o{ C; x, y the 
co-ordinates of P. Draw CN^ FM parallel to OF, and CO 
parallel to OX. Then 

CF'=^CQ'+PQr-20Q.PQcoBCQP 
= CQ' + PQ' + 20Q.PQco8€i>; 

that is, (aj-a)'+(y — i)'+2(a?— a) (y - J) coso> = c"; 

or, a? + y'+2a?ycoso> — 2 (a + icoso>)a? — 2(& + acosa>)y 

+ a' + J' + 2a5cos 6) - c*=: 0. 

Hence the equation to the circle referred to oblique axes is 
of the form 

aj' + y' + 2a?ycosfi> + -4a? + jPy+ (7=0, 

where A^ jS, G are constant quantities. 
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105. To find the polar equation to the circle. 




X 



Let 8 be the pole, ST the initial line ; C the centre of the 
circle, P any point on its circumference. 

Let SG^l, GSX=a, so that Z, a are the polar co-ordi- 
nates of G; let c be the radius of the circle; and let r, be 
the polar co-ordin|ites of P. . . • * 

Then Gl^^PS'-h G8''-2PS. G8. cis P8G; 

that is, c'' = r' + P-2Z7-cos(^-a) (1), 

or r*— 2rZ(cosacos5 + sinasin^) + P — c* = 0.... (2). 

Hence the polar equation to the circle is of the form 

r* + ^rcos^ + .Srsin^+O=0 (3). 

The polar equation may also be deduced from the equation 
referred to xecjangular axes in Art. 88., by putting: r cos and 
r sin ^ for oj and y jespectiyely. i: : 

If the- initial line be. a diameter we have a = 0, hence (1) 
becomes . . 

r^-^2lrco30 + r-(? = O (4). 

If, in addition, the origin be on the circumference P = c*, 

Ar = 2Zcos^ (5). 

T. c. 8. 7 
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106. To ea^ess the perpendicular from the origin on the 
tangent at any point in terms of the radius vector of that 
point. 

Let 8Q be the perpendicular from the origin on the tan* 
gent at P, and suppose 8Q ^p ; then 

SC* = SP' + PC^-'28P. PC cos SPC 

^8P'+PG^^28P.PGBiRSPQi 

that is, P=r^ + c*-2qp, 

In the figure /Sand C are on the same side of the tangent 
at P. If we take P so that the tangent at P falls between 8 
and 0, we shall find 

r=^f^ + <? + 2cp. 

107. These equations are sometimes usefd in the solution 
of problems, or demonstration of properties of the circle. For 
example, take the equation (4) in Art. (105), 

r*-2rZcos5 + r-c* = 0; 

by the theory of quadratic equations we see that the product 
of the two values of r corresponding to any value of ^ is 
? — c", which is independent of 0. This agrees with Euclid 
in. 35, 36. 

Also the sum of the two values of ris2lco&0; hence if a 
line be drawn through the pole at an inclination to the 
initial line, the polar co-ordinates of the middle point of the 
chord which the circle cuts off from this line are 

— - — , and 0; that is, Zcos 0, and 0. 

Hence the polar equation to the locus of the middle point 
of the chord is 

r = Zcos^, 

which by (5) in Art. 105, is a circle, of which the diameter 
is7. 
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EXAMPLES. 
!• Determine the position and magnitude of the circles 

(1) i»" + / + 4y--4a;-l = 0, 

(2) af + f+ex-Sy-l^O. 

2. Find the points of intersection of the circle 

y" + af=25 
with the lines 

y + a: = — 1, y + iB = — 5, and 3y+4a? = -25. 

3. A circle passes through the origin and intercepts 
lengths h and k respectively from the positive parts of the 
axes of X and y ; determine the equation to the circle. 

4. A circle passes through the points (A, k) and {h\ k') ; 
shew that its centre must lie on the line 

t 

5. On the line joining (a?', y*) and (oj", y") as diameter a 
circle is described ; find its equation. 

6. A and B are two fixed points, and P a point such 
that AP=mBP, where m is a constant; shew that the locus 
of P is a circle, except when w = 1. 

7. The locus of the point from which two given unequal 
circles subtend equal angles is a circle. 

8. Find the equation which determines the points of 
intersection of the line 

and the circle 

, 0^"+^ - 2aa; - 2% = 0. 

Deduce the relation that must, hold in order that the line may 
toucJi the circle. 

7-2 
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9. Find the equation to the tangent at the origin to the 
circle 

10. Shew that the length of the common chord of the. 
circles whose equations are 

is V{4c'-2(a-i)*}. 

11. A point moves so that the sum of the squares of its 
distances from the four sides of a square is constant ; shew 
that the locus of the point is a circle, 

12. A point moves so that the sum of the squares of its 
distances from the sides of an equilateral triangle is constant; 
shew that the locus of the point is a circle. 

13. A point moves so that the sum of the s(]^uares of its 
distances from any ^ven number of fixed points is constant; 
shew that the locus is a circle. 

14. Shew what the equation to the circle becomes when 
tHe origin is a point on the perimeter, and the axes are in- 
clined at an angle of 120*, and the parts of them intercepted 
by the circle are h and h. 

15. What must be the inclination of the axes that the 
eqtiation 

ai" + y* — a?y — Aoj — AyssO 

may represent a circle? Determine the position and magni- 
tude of the circle. 

. . 16. What must be the inclination of the axes that the 
equation 

aj' + y' + ay — &B — Ay=0 

may represent a circle? Determine the position and magni- 
tude of the circle. 

17. Determine the equation to the circle which has its 
<?entre at the origin, and its radius = 3, the axes being in- 
clined at an angle of 45^ 
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18. Determine the equation to the circle which has e^ch 

2 
of the co-ordinates pf its centre =.— J and its radius =-y-, 

the axes being inclined at an angle of 60^. 

19. The axes being inclined at an angle a>, find the radius 
of the circle 

ic* + y* + ^^ cos CO — Aaj -^kt/ = 0. 

20. Shew that the equation to a circle of radius c referred 
to two tangents inclined at an angle co as axes is 

aj' + v* + 2ajycosc» — 2 {x+y) c cot -^ + c^ cof -r = 0. 

21. Shew that the equation in the preceding question 
may also be written 

a; + y - 2 V («y) sm - = c cot - . 

22. Find the value of c in order that the circles 
(«?-«)'+ (y-i)^=c^ and (a;-J)'+(y-a)»=c', ' 

may touch each other. 

23. ABO is an equilateral triangle ; take A as origin, 
and AB as axis of x ; find the rectangular equation to the 
circle which passes through A, B, G. Deduce the polar equa^ 
tion to this circle. 

24. If the centre of a circle be the pole, shew that the 
polar equation to the chord of the circle which subtends an 
angle 2)8 at the centre is 

r=:ccos)8sec(^ — a), 

where a is the angle between the initial line and the line from 
the centre which bisects the chord. Deduce the polar equa- 
tion to a line touching the circle at a given point. 

25. Find the polar equation to the circle, the origin being 
on the circumference and the initial line a tangent. Shew 
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that witli tbifl ori^n and initial line, the polar equation to the 
tangent at the point is 

r3in(25'-^=:2csinV. 

26. Shew that if the origin be on the circumference of 
a circle, and the diameter through that point make an angle a 
with the initial line, the equation to the circle is 

r =s 2c cos (0 — a). 

27. Determine the locus of the equation 

r = -4cos(5-a)+J5cos(5-i8) + (7cos(5-7) + 

28. AB is a given straight line ; through A two inde- 
finite straight lines are drawn equally inclined to ABy and 
any circle passing through A and JS meets those lines in 
L^ M\ shew that the mm of AL and AM is equal to a 
constant quantity when L and M are on opposite sides of AJBy 
and that the difference of AL and AM is constant when L 
and if are on the same side of AB. 

29. ABG is an equilateral triangle, and 

PA^PB + PC, 
find the locus of P. 

30. There are n given straight lines making with another 

fixed straight line angles a, fi,y, ; a point P is taken 

such that the sum of the squares of the perpendiculars from 
it on these n lines is constant; find the conditions that the 
locus of P may be a circle. 

31. A point moves so that the sum of the squares of its 
distances from the sides of a regular polygon is constant; 
shew that the locus of the point is a circle. 

32. A line moves so that the sum of the perpendiculars 
AP, BQf from the fixed points A and B is constant ; find 
the locus of the middle point oiPQ. 

33. is a fixed point and AB a fixed line ; a line is 
drawn from meeting AB in P; in OP a point Q is taken 
so that OP. 0Q = 1i?] find the locus of Q. 
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34. A line is drawn from a fixed point 0, meeting a fixed 
circle in P; in OP a point Q is taken so that OP. 0Q=^; 
find the locus of Q. 

35. Shew that the equation 

(Ay-&r)« = cM(x-A)"+(y-Sn 
represents the two tangents to the circle, 

which pass through the point (A, k). 

36. What is represented by the equation 

r'-r m cos 2d sec 5 - 2a*= 0? 

37. The polar equation to a circle being r =2c cos d, shew 
that the equation 

2c cos)8 cosa=:r cos^S + a — ^ 

represents a chord such that the radii drawn to its extremities 
from the pole, make angles a, )8 with the initial line. 

38. Tangents to a circle at the points P and Q intersect 
in T; if the lines joining these pomts with the extremity 
of a diameter cut a second diameter perpendicular to the 
former in the points p, j, t, respectively, shew that 

pt sa qt 
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CHAPTER Vn. 

RADICAL AXIS. POLE AND POLAR. 

Badtoal Axis. 
108. We have shewn that the equation to a circle is 

We shall write this for abbreviation 

5=0. 

If the point (a?, y) be not on the circumference of the circle, 
S is not = ; we may in that case give a simple geometrical 
meaning to 8. 

L Let {Xy y) be without the circle ; draw a tan^nt from 
(a?, y) to the circle ; join the point of contact with the centre 
of the circle (a, i); also join (a?,y) with (a, i). Let G re- 
present the point (a, i), Q the point (aj,y), and T the point 
of contact of the tangent. Thus we have a right-angled 
triangle formed, and since {x — a)* + (y — J)* = ^(?*, it follows 
that 8^ QT^f that is, 8 expresses the square of the tangent 
from (a?, y) to the circle. By Euclid III. 36, the square of the 
tangent is equal to the rectangle of the segments made by the 
circle on any straight line drawn from (a?, y), and thus 8 will 
also express the value of this rectangle. 

II. Let (a?,y) be vnthin the circle; then 8 is negative. 
Let G and Q have the same meaning as before, and produce 
GQ to meet the circle in T and T'; Sien 

--8^ GT'^ G(^^{GT^ GQ) {GT+GQ) 

^TQ.TQ. 
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Hence by Euclid lii. 35, if any line PQF be drawn meet- 
ing the circle in P and P', the value of the rectangle FQ . F Q 

109. Let i8'dei^ote(a?-a)"+(y-i)*-c», 
and 8' denote (x - ay+ (y - i^"- c'»; 

so that iS=0...,. (1), and >S' = (2), 

are the equations to two circles ; we proceed to interpret the 
equation 

Srr.sr^a.. (3). 

S — S' dontaiiis only' the first powers of a; and y ; therefore 
S--8' = is the equation to some straight line. Also if 
values of x and y can be, found to satisfy simultaneously (1) 
and (2), these values will satisfy (3). Hence when the 
circles represented by (1) and (2) mtersect, (3) is the equa- 
tion to the straight line which joins their points of inter- 
section* 

Also suppose that from any point in (3), external to both 
circles, we draw tangents to (1) and (2) ; then, by Art. 108, 
these tangents are equ$«l in length. Henpe whether (1) and 
(2) intersect or not, the line (3) has the following property ; — 
if from any point of it lines be drawn to toicch both circles^ the 
lengths of these lines are equal. 

110. An equation of the form 

A{a? + f)-\-Bx+Gy + D^O 

will represent a circle ; for after division hj A we obtain the 
ordinary form of the equation to a circle. We shall say that 
the equation to a circle is in its simplest form 'when the co- 
eflScient of a?* and y* is unity. 

Def. If S=.Oy S' = 0, be the equations to two circles in 
their simplest formsy the straight line 5— )8"=0 is called the 
radical aocis of the circles. 

The axes of co-ordinates may here be rectangular or oblique. 

Or we may give a geometrical definition thus. A straight 
line can alwavs be found such that if from any point of it 
tangents be drawn to two given circles, these tangents are 
equal ; this line is called the radical axis of the circles. 
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111. The three radical axes heUmging to three given circles 
meet in a points 

Let the equations to the three circles be 
S,^0 (1), /8;, = (2), flr. = (3). 

The equations to the radical axes are 

8^-8^^ 0, belonging to (1) and (2), 

8^-8,^(^ (2) and (3), 

^t-'^i^O, (3)and(l). 

These three lines meet in a point ; since it is obvious that 
the values of a; and y which simultaneously satisfy two of the 
equations, will also satisfy the third. 

112. A large number of inferences may be drawn from 
the preceding articles by examining the special cases which 
fall under the general propositions. (See Pllicker Ancdytiach" 
Gedmetrische Entwiclcelungen^ Vol. I. pp. 49 — 69.) We notice 
a few of these respecting the radical axis of two circles. 

113. The radical axis is perpendicular to the line joining 
the centres of the two circles. 

Let the equations to the circles be 

then the equation to the radical axis is 

that is, 

aj(a'-a)+y(y-5) + J(a«-a'"+&"-J'»-c"+O=0 (1). 

And the equation to the line joining the centres of the 
circles is (Art. 35) 

y-*=^(«-«) (2); 

(1) and (2) are at right angles by Art. 42, 
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114. When two circles touch, their radical axis is the 
common tangent at the point of contact. For the radical axis 
passes through the common point and is perpendicular to the 
line joining the centres of the circles, 

115. Suppose the radius of one of the circles to become 
indefinitely^ small, that is, the circle to become a point; the 
radical axis then has the following property: — ^if from any 
point of the radical aids we draw a line to the given point, 
and a tangent to the given circle, the line and the tangent 
will be equal in length, 

116. The radical axis of a point and a circle falls vrithout 
the circle, whether the point be without or vnthin the circle. 
For if the radical axis met the circle, the co-ordinates of the 
points of intersection would satisfy the equation to the point as 
well as the equation to the circle. But the equation to the 
point can be satisfied by no co-ordinates except the co-ordi- 
nates of that point ; therefore the radical axis cannot meet 
the circle. If the point be on the circle, the radical axis is 
the tangent to the circle at this point, 

117. Suppose hoth circles to become points. Then the 
lines drawn from any point in the radical axis to the two 
fixed points are equal in length. Hence the radical axis be- 
longing to two given points is the line which bisects at right 
angles the distance between the two given points, 

118. Suppose in Art. Ill that each circle becomes a point ; 
the theorem proved is then the following : — the perpendiculars 
drawn from the middle points of the sides of a triangle meet 
in a point. 

119. It is a well-known geometrical problem — to draw a 
straight line which shall touch two given circles. If the circles 
do not intersect, Jbur common tangents can be drawn ; two of 
them will be equally inclined to the line joining the centres, 
and will intersect on that line between the circles ; the other 
two will also be equally inclined to the line joininff the cen- 
tres, and will intersect on that line bevond the smaller circle. 
These two points of intersection are called centres of similitude. 
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For tie equations to the common tangents and for the proper- 
ties of the centres of similitude, we refer to Salmon's (Sonic 
Sectiom. 

Pole and Polar. 
120. Def. If the equation to a circle be 

and A, & be the co-ordinates of anj point, then the line 

is called the polar of the point (A, k) with respect to the given 
circle, and the point (A, Je) is caJled the pole of the line 

xh + yk = c* 
with respect to the given circle. 

We may also express otir definition thus : — the polar of a 
given point with respect to a given circle is the straight line 
whose equation involves the co-ordinates of the given point 
in the same manner as the equation to the tangent at any 
point of the circle involves the co-ordinates of the point of 
contact ; and the given point is the pole of the line. 

This definition might be misunderstood. For the equa- 
tion to the tangent to a circle at a given point might be 
expressed in diflferent forms by using the relation which holds 
between the co-ordinates of the given point bv virtue of the 
equation to tile circle. "We might for example express the 
equation to the tangent in terms of either of the co-ordinates 
of the given point alone. But in the above definition we mean 
that the equation to the tangent is to be in the form which it 
naturally assumes, involving the co-ordinates of the given 
point rationally. 

Or we may define the polar of a point bv means of the 
properties which it possesses (Art. 103). The polar of a 
given point with respect to a given circle is the straight line 
which is the locus of the intersection of tangents drawn at 
the extremities of every chord through the given point ; and 
the given point is called the pole of this straight line. 

If the given point be without the circle, its polar coincides 
with the chord of oontacA, of tangents drawn from that point. 
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121. If one straight line pass thromh the pole of another 
straight line, the second straight line will pass through the pole 
of the first straight line. / 

Let {x\y*) be the pole of the first straight line,, and 
therefore 

XX' + yy' = (?...., .....(1) 

the equation to the^rs^straight line. 

Let {x", y") be the pole of the secorid straight line, and 
therefore 

a^" + 3^y' = c' (2) 

the equation to the second straight line. 

Since (1) passes through (x", y") we have 

and since this equation holds, (2) passes through (a?', y'). 

122. The intersection of two straight lines is the pole of the 
line which joins the poles of those lines. 

Denote the two straight lines by A and lB, and the line 
joining their poles by (7; since G passes through the pole of 
A, therefore, by Art.- 121, ^passes through the pole of (7; 
similarly j5 passes through the pole of (7; therefore the inter- 
section of A and B is the pole of (7. - ^ 



MISCELLANEOUS EXAMPLES. 

1. Eind the tangent of the angle between the two straight 
lines whose intercepts on the axes are respectively a, J, and 
a\V. 

2. If the straight lines represented by the equation « ' 
a? (tan*^ + cos'^) — 2a:|y tan ^ + y' sin*^ = 0, 

make angles a, ^ with the axis of Xy shew that 
' tana •-tan ^ = 2. 
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3. One side of a square a comer of which is at the origin 
makes an angle a with the axis of a;; find the equations to 
the four sides and the two diagonals. 

4. Find the e<]^uations to the diagonals of the parallelogram 
formed bj the straight lines 

5+1=1, ?+f=2. 
a o a ' 

^+3^=1, ?+y=2j 

a a ' 

and shew that thej are at right angles to one another. 

5. The distance of a point {x^ , y J from each of two straight 
lines which pass through the origin of co-ordinates is S, prove 
that the two lines are represented by the equation 

6. Find the condition that one of the lines represented by 

Ay^ + Bxy+Ca?^0 
may coincide with one of those represented by 

7. If a = 0, ^=0, 7=0 be the equations to the three 
sides of a triangle ; and a, J, c be the perpendicular distances 
between these sides and those of another triangle parallel to 
them respectively, the line joining the centres of the inscribed 
circles wul be represented by any of the equations 

g — ^ _) 8 — 7 _ 7— g 
a — ft i — c c — a* 

8. ' Prove that the equation to the straight line posing 
through the middle point of the side BC of a triangle JlBO 
and parallel to the external bisector of the angle A is! 

/9 + 7+|(sinjB+sin(7)=0. 
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9. The equation to the line drawn parallel ix>BO through 
the centre of the escribed circle which touches JBC is 

{a+15) sin jB+ (a + 7) sin (7 = 0. 

10. Find the equations to the lines which pass through 
the intersection of the' lines 

fa + m^+n7 = 0, Va + m'13 + n'y^Of 

and bisect the angles between them. 

11. If w = 0, V = 0, be the equations to two circles, shew 
that by giving a suitable value to the constant \, the equation 
1^ + Xt; = win represent any circle passing through the points 
of intersection of the given circles. 

12. A fixed circle is cut by a series of circles, all of which 
pass throug;h two given points; shew that the lines which 
join the points of intersection of the fixed circle with each 
circle of tne series all meet in a point. 
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CHAPTER Vin. 

THE PARABOLA. 

123. There are three curves which we now proceed to 
define ; we shall then deduce their equations firom the defini- 
tions, and investigate some of their properties from their 
equations, 

Def. a conic section is the locus of a point which moves 
so that its distance from a fixed point bears a constant ratio to 
its distance from a fixed straight line. If this ratio be uniij/y 
the curve is called a parabola, if less than unity, an ellipse, if 
greater than unity, an hyperbola. 

The fixed point is called the focus, and the fixed straight 
line the directrix, 

124. It will be shewn hereafter that if a cone be cut by 
a plane, the curve of intersection will be one of the following; 
a parabola, an ellipse, an hyperbola, a circle, two straight 
lines, one straight line, or a point. Hence the term conic 
section is applied to the parabola, ellipse, and hyperbola — ^and 
may be extended to include the circle, two straight lines, one 
straight line and point. We shall also prove that every 
curve of the second degree must be a conic section in this 
larger sense of the term. 

At present we confine ourselves to tracing the consequences 
of the definitions in Art. 123. 

125. To find the equation to the Parabola. 

A parabola is the locus of a point which moves so that its 
distance from a fixed point is equal to its distance from a 
fixed straight line. 



EQUATION TO THE PABABOLA. 

y 
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Let 8 be the fixed point, YY' the fixed straight line. 
Draw SO perpendicular to YY'; take as the ongin, OS 
as the direction of the axis of a;, OF as that of the axis of y. 
Suppose 0S=2a. 

Let P be any point on the locus; join SP; draw PM 
paraUel to OY and PN parallel to OX; let OM=x, 
PM^y. 

By definition 

SP^PN; 

/. SP'^PN^; 

.-. PM' + SM'==PN\ 

that is, 3^' + (a? - 2a)' = a^; 

/. y« = 4a(a:-a) (I). 



This is the equation to the parabola with the assumed 
origin and axes. The curve cuts the axis of a? at a point A 
which bisects OS; for when y = in (1), we have x^a. 
The equation will be simplified if we put the origin at A ; 
let X = AM, then x* ^x^a, and (1) becomes 

y' = 4aic'. 
T. c. S. 8 



114 



FORM OF THE PARABOLA. 



We may suppress the accent, if we remember that the 
origin is now at A; thus we have for the equation to the 
parabola 

y* = 4aaj (2). 

126. To trace the parabola from its equation y* = 4ax. 




From this equation we see that for every positive value 
of X there are two values of y, equal in magnitude, but of 
opposite sign. Hence for every point P on one side of the 
axis of a?, there is a point P' on the other side, such that 
P'M=PM. Hence the curve is symmetrical with respect 
to the axis of x. Negative values of x do not give ipossible 
values of y ; hence no part of the curve lies to the left of the 
origin. As x msLj have any positive value, the curve extends 
wimout limit on the right of the origin. 

A is called the vertex of the curve and AX the axis of the 
curve. 



127. We have drawn the curve concave towards the axis 
of x ; the following proposition will justify the figure. 

The ordinate of any point of the curve which lies between 
the vertex and a fixed point of the curve is greater than the 
corresponding ordinate of the straight line joining the vertex 
and the fixed point. 
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Let P be the fixed point; a?', }f its co-ordinates ; then the 
equation to AP is 

since y" = 4aa;'. 

Let X denote any abscissa less than x\ then since the ordi- 
nate of the curve is ^{4:ax), and that of the straight line is 

^/(—J.a? or a/ (—,] X A/{i:ax), it is obvious that the ordi- 
nate of the curve is greater than that of the line. 

128. Def. The double ordinate through th^ focus of 
a conic section is called the Latus Rectum. 

Thus in the figure in Art. 126, L8L' is the Latus Rectum. 

Let x = a, then from the equation y'=4aa;, y= + 2a. 
Hence L8 = L'8 = 2a; and LL = 4a. 

129. To eatress the Jbcal distance of any jpoint of the 
parabola in terms of the ahscissa of the point. 

The distance of any point on the curve from the focus is 
equal to the distance of the same point from the directrix. 
Hence (see fig. to Art. 125), 

SP=AM+A8, 

= x + a. 



Tangent and normal to a Parabola. 

130. To find the equation to the tangent at any point of 
a parabola. (See Def. Art. 90.) 

Let x\ y' be the co-ordinates of the point, 

a", y" the co-ordinates of an adjacent point on the 
curve. 

8—2 
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The equation to the secant through these points is 

y-y'=^'(^-a'') (1); 

since («', y) and (a?", y") are on the parabola 

y''-y _ 4a 

hence (1) may be written 

r 4a , ,. 

Now in the limit y" = y'; hence the equation to the tangent 
at the point (a;', y') is 

y-y'=j{^-^') (2). 

This equation may be simplifiecl ; multiply by y\ thus 
yy' = 2a(a;-a5')+y'", 
= 2ax — 2aaj' + 4aaj', 
= 2a(aj + a5') (3). 

131. The equation to the tangent can be conveniently 
expressed in terms of the tangent of the angle which the line 
makes with the axis of the parabola. 

For the equation to the tangent at (x', y') is 

yy' = 2a(a;+aj'), 

2a . 2aa:' 

_ 2a 4aaj' 

-7-I'-" <"• 
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Let 7?=^y -'-o^^J 



thus (1) may be written 



a 



y = wx + -- (2); 



m 

this is the required equation. Conversely, every line whose 
equation is of this form is a tangent to the parabola. 

132. It may be shewn as in Art. 93, that a tangent to 
the parabola meets it in only one point. Also, if a line meets 
a parabola in only one point, it will in general be the tangent 
at that point. 

For suppose 

y^^^ax (1) 

to be the equation to a parabola, and 

y=zmx + c (2) 

the equation to a straight line. To determine the absciss® of 
the points of intersection, we have the equation 

{mx + cy = AaXy 

or wV + (2«ic-4a) a? + c^=0 (3); 

this quadratic equation will have two roots, except when 

(wc-2a)* = wV, 

that is, when 

a 
c= ~. 
m 

Hence if the line (2), meets the parabola, it will meet it in 

two points, unless o = — , and then the line is a tangent to 
m 

the parabola by Art. 131. 

If, however, the equation (2) be of the form y = c, so that 
the line is parallel to the axis of x, then instead of (3) we have 
the equation c' = 4aa;, which has but one root ; hence a line 
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parallel to the axia of the parabola meets it in only one point, 
but is not a tangent. 

133. The axis of y is a tangent to the curve at the 

vertex. 

For the ec^uation to the tangent at {x\ y') is 

yy' = 2a(a? + a?'); 
and when a' = and y* = 0, this becomes 

x^O. 

134* To find the equaJbion to the normal at any point of 
a parabola. (See Def. Art. 97.) 

Let a;', y' be the co-ordinates of the point ; the equation 
to the tangent at that point is 

y=jix+x') (1). 

The equation to a line throagh {x', if) perpendicnlar to 

(I) is 

y-y'^-f^{x-x') (2). 

This is the equation to the normal at {x\ y*). 

135. The equation to the normal may also be expressed 
in terms of the tangent of the angle which the line makes 
with the axis of the curve. 

For the equation to the normal is 

^ 2a ^^ ^ 2o ' 

y=-|^*+y'+fi (1). 

Let — g- = »»*; •'. y = — 2am ; 

thus (1) may be written 

y = «iaj— 2a«» — aw' (2). 
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136, We shall now deduce some properties of the parabola 
from the preceding articles. 

Let a;', y' be the co-ordinates of P; let FT be the tangent 
at P and PG the normal at P. 

The equation to the tangent at P is 

yy = 2a(a? + a5'). 




Let y = 0, then x = — x'; hence A r= AM. 
Also ST^AT+A8, 

=AM^AS, 

= 8P (Art. 129). 

Hence the triangle 8TP is isosceles, and the angle 8TP 
= angle 8PT. 

Thus if PN be parallel to the axis of the curve, PN and 
P8 are equally inclined to the tangent at P. 

137. The equation to the nonnal at P is 
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At the point <?, where the normal cuts the axis, y = ; 
hence from the above equation 

a? — aj' = 2a; 

thus MO = 2a = half the latus rectum. Also SO = SP. 

138. To find the locus of the intersection of the tangent at 
any point with the perpendicular on it from the focus. 

Let oj', y be the co-ordinates of any point P on the curve; 
the equation to the tangent at P is 

y = ??(aj + x') (1). 

The equation to a line through the focus perpendicular 
to (1) is 

y = -|^(«^-«) (2). 

We have now to eliminate a?' and y' by means of (1), 
(2), and 

y'"=4aaj' (3). . 

From (3) we find x in terms of y\ and thus (1) may be 
written 

y=y»+? W- 

Thus the problem is reduced to the elimination of y' from 
(2) and (4) ; from (2) 

^■-^. p)' 

substitute in (4) ; then 

__ (aj— a) X ay 
y y x--a* 

•*• y*(a? — a) + (x — a)'aj + ay^ — 0, 

or {y»+(ir-o)*}aj = (6). 

If the factor y*+ (a? — of be equated to zero, we have 

y = 0, x^a (7). 
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The point thus determined is the focus ; this however is 
not the locus of the intersection of (1) and (2), for the values 
in (7), although they satisfy (2), do not satisfy (1). We 
conclude therefore that the req[uired locus is given by the 
equation 

«=0 (8), 

which we obtain by considering the other factor in (6), 

This result can be easily verified ; for if we put a? = in 
^ctx' v' 
(1) we obtain y = — ^~ 2 ' ^^^}^ ^^ P^* a; = in (2), we 

V ^ 
also obtain y = ^ ; thus (1) and (2) intersect on the line 
2 

a? = 0. 

Thus, if in the fig. in Art. 136, Z be the intersection of the 
tangent at P with the axis of y , SZ is perpendicular to the 
tangent 

139. The process of the preceding article is of frequent 
use and of great importance. We have in (1) and (2) the 
equations to two straight lines ; if we obtain the values of x 
and y from these simultaneous ec[uations, we thus determine 
the point of intersection of the lines ; the values of x and y 
will depend upon those of x' and y , thus giving difierent 
points of intersection corresponding to the difierent lines re- 
presented by (1) and (2). If from (1), (2), and (3) we elimi- 
nate X and y we obtain an equation which holds for the 
co-ordinates of every point of intersection of (1) and (2). This 
equation is bv our definition of a locus the equation corre- 
sponding to the locus of the intersection of (1) and (2). 

Sometimes the elimination produces, as in the preceding 
article, an equation which does not represent the required 
locus- The student has probably noticed in solving alge- 
braical questions that he often arrives at more results than 
that which he is especially seeking. We can frequently 
interpret these additional results; thus in the preceding 
article, since, whatever x and y' may be, the values a? = a, 
y = 0, satisfy one of the equations which we use in eflecting 
the elimination, we might anticipate that our. result would 
involve a corresponding factor. 
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140. If the line from the focus, instead of being perpen- 
dicular to the tangent, meet it at any constant angle, the 
locus of their intersection will still be a straight line. We 
will indicate the steps of the investigation, Suppose )8 the 
angle between the tangent and the line from the focus; 
equation (1) remains as in Art. 138 ; instead of (2) we have, 
by Art. 45, 

H? + tan/3 
y = JL__(.,-a) 

1 ; tSLUP 

y 

_2a+y_tan^ , 

"y'-2atan/3^^""''^- 

Instead of (5) in Art. 138, we shall find 

, _ 2a (a? — a) + 2ay tan fi 
^ ~~ y-(a?-o)tan/3 

The result of the elimination Is 

y {y -- {a: -a) isLufi} {x -a + y tan/9} 

— a?{y — (oj-a) tan/8}'-a(aj-a + y tan/8)* = 0. 

Now, guided by the result of Art. 138, we may anticipate 
that y'+ (a? —a)* will prove a factor of the left-hand member 
of the equation ; and we shall find by reduction that the equa- 
tion may be written 

{y" + <«? -a)'} {y tan^ -a? tan'/8 -a} = 0. 

Hence the required locus is 

y = a? tan /3 + a cot fi. 

141 . To find the length of the perpendicular from the focus 
on the tangent at any point of the parabola. 

The equation to the tangent at the point (a?', y') is 
2« / . fx 
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The perpendicular on this from the point (a, 0) by Art. 47 
2a(a + x') 2a{a + x') ., , , ,., 

Call the focal distance of the point of contact r, and the 
perpendicular p ; then, by Art. 129, 

r = a-¥x*\ 

.*. p^js/{ar), 

142. From any external point two tangents can he drawn 
to a parabola. 

Let the equation to the parabola be 

J^ = ^a^ (1), 

and let A, h be the co-ordinates of an external point. Sup- 
pose x\ y' the co-ordinates of a point on the parabola such 
that the tangent at this point passes through (A, h). The 
equation to the tangent at {x, y') is 

yy' = 2a (a? + x') (2). 

Since this tangent passes through (A, k) 

Zry = 2a(A + a?') (3). 

Also since (a?', y) is on the parabola 

y'*=4aa:' (4). 

Equations (3) and (4) determine the values of x' and y\ 
Substitute from (4) in (3), thus 



iy' = 2aA+^, 



or y"-2^' + 4aA = 0. 

The roots of this quadratic will be found to be both pos- 
sible, since (A, Ic) is an external point and therefore Ai* greater 
than 4aA. To each value of y corresponds one value of x' 



124 CHOED OP CONTACT. 

by (3) ; hence two tangents can be drawn from any external 
point. 

The line which passes throuffh the points where these tan- 
gents meet the parabola is called the chord of contact. 

143. Tangents are drawn to a parabola from a given 
external point ; to find the equation to the chord of contact. 

Let A, h be the co-ordinates of the external point; aj^, y^ 
the co-ordinates of the point where one of the tangents from 
(A, k) meets the parabola; a?j, y^ the co-ordinates of the point 
where the other tangent from (A, k) meets the parabola. 

The equation to the tangent at (aj^, y^ is 

yy^^2a{x + x^ (1). 

Since this tangent passes through (A, k) we have 

Ay,= 2a(A + ajJ (2). 

Similarly, since the tangent at (a;,, y,) passes through 
{h,k) 

ky, = 2a{h + x;) (3). 

Hence it follows that the equation to the chord of con- 
tact is 

ky^2a{x+h) (4). 

For (4) is obviously the equation to some straight line ; also 
this line passes through (aj^, y^), for (4) is satisfied by the 
values x=^x^y y=y.y as we see from (2); similarly from (3) 
we conclude that this line passes through (aj^, yj. Hence (4) 
is the required equation. 

Thus we may proceed as follows in order to draw tangents 
to a parabola from a given external point. Draw the line 
which is represented by (4), join the points where it meets 
the parabola with the given external pomt, and the lines thus 
obtained are the required tangents. 

144. Through any fixed point chords are drawn to a para-- 
bolaj and tangents to the parabola drawn at the extremities of 
each chord ; — the loctts of the intersection of the tangents is a 
straight line. 
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Let A, Tc be the co-ordinates of the point through which the 
chords are drawn; let tangents to the parabola be drawn at 
the extremities of one of these chords, and let [x^^ y^ be the 
point in which they meet. The equation to the corresponding 
chord of contact is, by Art. 143, 

^i = 2a(a; + ajj). 
But this chord passes through (A, i) ; therefore 

%j = 2a(A+ajJ. 

Hence the point (aj^, yj lies on the line 

A;y = 2a(aj + A); 

that is, the locus of the intersection of the tangents is a 
straight line. 

We will now prove the converse of this proposition. 

145. If from any point in a straight line a pair of tangents 
he dravm to a parabola^ the chords of contact will all pass 
through a fixed point. 

Let Ax + By^- (7=0 (1) 

be the equation to the straight line ; let (a?', y*) be a poijit in 
this line from which tangents are drawn to the parabola; 
then the equation to the corresponding chord of contact is 

yy = 2a(a? + a?') (2). 

Since [xy y*) is on (1) 

Ax' + By'+G=0\ 
therefore (2) may be written 

y {Ax-\- G) + 2a5 (aj + o?') = 0, 
or {Ay'\-2aB)x + Gy-\-2aBx^0 (3). 

Now whatever be the value of x\ this line passes through 
the point whose co-ordinates are found by the simultaneous 
equations 

Ay + 2aB^0, Cy-\-2aBx^ ; 
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that is the point for which 

2aB 

146. The student should observe the different interpreta- 
tions that can be assigned to the equation 

A;y=r2a(aj + A). 

The statements in Art. 103 with respect to the circle may all 
be applied to the parabola. 



Diameters, 

147. To find the length of a line drawn from any point in 
a given direction to meet a parabola. 

Let x\ y be the co-ordinates of the point from which the 
line is drawn ; a;, y the co-ordinates of the point to which the 
line is drawn ; Q the inclination of the line to the axis of x ; 
r the length of the line ; then (Art. 27) 

aj = a5' + r cos^, y =y + r sin^ (1). 

If (a?, y) be on the parabola, these values may be substituted 
in the equation y^ = ^ax ; thus 

(y' + r sin^)' = 4a(a;' + rcos 8)\ 

.-. r*sin*e + 2r(y'sin^-2acose) 4-y"-4aa;' = ...(2). 

From this quadratic two values of r can be found, which 
are the lengths of the lines that can be drawn from (a?', y) 
in the given direction to the parabola. 

When the point (a?', y') is within the parabola, the roots of 
the above quadratic will be of different signs ; in this case 
the twp lines that can be drawn from [x\ y') to meet the 
curve are drawn in different directions. When the point 
(a;', y') is without the parabola, the roots are of the same sign, 
and the lines are drawn in the sam^ direction. 
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148. Def. a diameter of a curve is the locus of the 
middle points of a series of parallel chords. 

149. To find the diameter of a given system of parallel 
chords in a parabola. 

Let be the Inclination of the chords to the axis of the 
parabola ; let x\ y' be the co-ordinates of the middle point 
of any one of the chords ; the equation which determines the 
lengths of the lines drawn from (a?', y') to the curve is 
(Art. 147) 

f^sin' ^ 4- 2r (^ sin ^ - 2a cos 0) +y'^ - 4aaj' = (1). 

Since {x', y') is the middle point of the chord, the values 
of r furnished by this quadratic must be equal in magnitude 
and opposite in sign; hence the coefficient of r must vanish ; 
thus 

y sin ^ — 2a cos ^ = ; 

.-. y = 2acot^ (2); 

thus the required diameter is a straight line parallel to tlie 
axis of the parabola. 

Hence every diameter is parallel to the axis of the para- 
bola. 

Also every straight line parallel to the axis of the para- 
bola is a diameter, that is, bisects some system of parallel 
chords ; for by giving to ^ a suitable value, the equation (2) 
may be made to represent any line parallel to the axis. 

150. Let a tangent be drawn to the parabola at the point 
where the line y' = 2a cot meets the parabola ; the equation 
to the tangent is 

2a , , ,. 

that is, y = tan ^ (a? + a:') J 

hencCy the tangent at the extremity of any diameter of the 
parabola is parallel to the chords which that diameter bi- 
sects. 
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EQUATION TO THE PAlEtABOLA REFERKED 



151. To find the equation to the parabola^ the axes heing 
any diameter and the tangent at the point where it meets 
the curve. 




Let A, h be the co-ordinates of a point A* on the parabola ; 
take this point for a new origin; draw through it a line 
AX' parallel to the axis of the curve for the new axis of 
X, and a tangent A Y' to the curve for the new axis of y. 
Let TAX' = 6] then (Art. 150) 

-J- =5 tan a. 
k 

Let aj, y be the co-ordinates of a point P on the curve 
referred to the original axes ; a;', y' the co-ordinates of the 
same point referred to the new axes ; draw PM parallel to 
^r and PM' parallel to AY' ; also draw AL, if'iV^ parallel 
to AY] let jB denote the intersection of PJkf and AX ; then 

x^AM^AL^LN+NM^AL + AM' + M'R 
= h+x''\-y'cosdj 
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y^PM=RM^PR = A'L-^PB 

= A;+ysin d. 

Substitute these values in the equation y* = 4aa? ; thus 
(A; 4-y sin Of = 4a (A + x +y' cos 6), 
or y'* sin" 6 + 2y' {Jc sin ^ - 2a cos ^) + ^^ - 4aA = 4aaj'. 
But, A; = 2a cot ft and l^=^ah ; thus we have 
y''sin"^ = 4aa?', 

which is the required equation. 
We may prove that 

sm'* Q ' 

for 8A' = a + h (Art. 129) ; and 

h = 'T- = a cot* ^ ; 
4a 



Hence the equation may be written 
y*=4aV, 
where a' = 8A\; or suppressing the accents on the variables 

y^ = 4a'a;. 

152. The equation to the tangent to the parabola will be 
of the same form whether the axes be rectangular, or the 
oblique system formed by a diameter and the tangent at its 
extremity ; for the investigation of Art. 130 will apply with- 
out any change to the equation y* = 4a'aj which represents a 
parabola referred to such an oblique system. 

1 53. Tangents at the extremities of any chord of a parabola 
meet in the diameter which bisects that chord, 

T. c. S. 9 
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Refer the parabola to the diameter bisecting the chord, and 
the corresponding tangent, as axes ; let the equation to the 
parabola oq 

^ = ia^x ; 

let x\ y' be the co-ordinates of one extremity of the chord ; 
then the equation to the tangent at this point is 

y/ = 2a'(a:+a;') ....(1). 

The co-ordinates of the other extremity of the chord are 
^'f —y' I ftJ^d t^c equation to the tangent there is 

-yy'=2«' («+«') (2). 

The lines represented by (1) and (2) meet at the point for 
which 

y = 0, « = -«'; 

this proves the theorem. 



Polar Equation. 
Polar Equation tc 

Let 8P^r, A8P=^0, (see Fig. to Art. 125) ; 



154. Tojind the Polar Equation to the parabola, the focus 
being the pole. 



then 


SP=PN, by definition; 


that is, 


8P = 08+8M; 


or 


r=:2a-f rcos (ir-5); 




,-. r (1 + cos ffj = 2a, 


ovt/l 


2a 



1 + costf' 

If we denote the angle X8P by 0, then we have as before 
8P=08+8M; 
thus r = 2a4-rcos^, 

, 2a 

and r — r- L- 

1 — cos (/ 
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155. The polai: equation to the parabola when the vertex 
is the pole may be conveniently deduced from the equation 
^ = 4aa? by putting rcos^ and r sin for x and yt respec* 
tively ; we thus obtain 

4acos^ 
^' sin*^ • 

We add a few miscellaneous propositions on the parabola. 

Def. a chord passing through the focus of a conic sec- 
tion is called a focal chord. 

156. If tangents h& drawn at the extremities of any focal 
chord of a parabola, (1) the tamgents will intersect in the 
directrix, (2) the tangents will meet at right angles^ (3) the 
line drawn from the point of intersection of the tangents to 
the focus will he perpendicular to the focal chord. 

(1) If the tangents to a parabola meet in the point (A, k) 
the equation to the chord of contact is, by Art. 143, 

Ay = 2a (a? + A). 

Suppose the chord passes through the focus; then the 
values oj = a, y = 0, must satisfy this equation ; 

.'. = 2a(a + A); 

.•; ^ = — a; 

that is, the point of intersection of the tangents is on the 
directrix. 

(2) The equation to the tangent to a parabola may be 
written (Art. 131) 

y = mx H — . 

Suppose (A, k) a point on the tangent ; 

/. Awi' — A?»4-« = 0* 

This quadratic will determine the inclinations to the axis 
of the parabola of the two lines that may be drawn through 

9—2 
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the point (A, k) to touch the parabola. Suppose m^, m, the 
tangents of these inclinations, then by the theory of quad- 
ratic equations 

a 
^i^t = ^ • 

If A = — a, m^m^ = — 1 ; 
that is, the two tangents are at right angles. 

(3) The equation to the line through the focus and 
(A, k) is 

If A = — a, this becomes 

and the line is therefore perpendicular to the focal chord of 
which the equation is 

yk = 2a{X''a). 

157. If through any point within or without a parabola, 
two lines he drawn parallel to two given straight lines to meet 
the curve, the rectangles of the segments will he to one another 
in an invariable ratio. 

Let (a?', y') be the given point, and suppose a and ^ 
respectively the inclinations of the given straight lines to 
the axis of the parabola. By Art. 147, if a line be drawn 
through {x\ y) to meet the curve and be inclined at an angle 
a to the axis, the lengths of its segments are given by the 
equation 

r' sin* a + 2r{y' sin a — 2a cos a) + y" — 4aaj' = 0. 

Therefore by the theory of quadratic equations the rect- 
angle of the segments 

_ y^ — 4aic' 
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Similarly the rectangle of the segments of the line drawn 
through [x\ y') at an angle ^ 

sin'^yS • 

Hence the ratio of the rectaneles = . » , 

° sm* a ' 

and this ratio is constant whatever x* and y' may be. 

Qz 




Let be the point through which the lines OPp, OQa, 
are drawn inclined to the axis of the parabola at angles a, p, 
respectively ; then we have proved that 
OP. Qp ^ sin'/3 . 
OQ.Oq sin^a* 
Let tangents to the parabola be drawn parallel to Ih, Qq^ 
meeting the parabola in E and D respectively ; let 8 be the 
focus; then by Art. 151, 

8E_ sm'l3 . OP.Op SE 

Sn^Qin^a' •*• OQ.Oq' 8B' 

Suppose to coincide with T; then OP. Op becomes 
TE" and (2 . Oq becomes TD"; 

TE" _8E 
.'. TD"" 8D' 
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EXAMPLES, 

1. Find the equation to the line joining A and L: (See 
Fig. to Art. 126.) 

2. Find the equaftion to the circle which passes throngh 
A, L, L\ (See Fig. to Art. 126.) 

3. A point moves so that its shortest distance from a 
given circle is equal to its distance from a given fixed dia- 
meter of that circle ; find the locus of the point. 

4. Trace the curves y^ = 4aa?, and a? + ^ay = ; and de- 
termine their points of intersection. 

5. Determine the equation to the tangent at L. (See 
Fig. to Art. 126.) 

6. Find the angles between the lines in examples 1 and 5. 

7. Determine ihe (equation to ihe noranal at L. 

8. Find the point where the normal at Zr meets the t^urve 
again, and the length of the intercepted chord. 

9. Find the point in a parabola where the tangent is 
inclined at an angle of 30* to the axis of x. 

10. The length of the perpendicular from the foot of 
the directrix txn the tangent at {x\ y*) is ... \ > . \^ . 

11. Find the ^ints of contact of tangents 4)he ferpfin- 
diculars on which Irom the foot of the directrix are equal to 
one-fourth of the latus rectum. 
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12. A circle has its centre At the vertex A of a paral>ola 
whose focus is 8y and the diameter of th« circle is ^A8; 
shew that the common chord bisects AS. 

13. Trace the curve y = x — a?, and determine whether 
the straight line x+y = lis tL tangent to it 

14. The tangent at any point of a parabola will meet the 
directrix and latus rectum produced m two points equally 
distant from the focus. 

15. PMia an ordinate of a point P in a parabola ; a line 
is drawn parallel to the axis bisecting PM and cutting the 
curve in Q; MQ cuts the tangent at the vertex A in T] 
shew that ^r=|Pilf; 

16. If from any 'point P of a circle PC be drawn to the 
centre O, and a chord PQ be drawn parallel to the diameter 
AGB and bisected in -B, shew that the locus pf the inter- 
secticm of CP and AR is a parabola* 

17. Find the ordinates of the points wliere the line 
y^mx-^c meets the parabola; hence determine the ordi- 
nate of the middle point of the chord which the parabola 
intercepts on this line. 

18. A is the origin, P is a point on the axis of y, BQ a 
lin6 parallel to the axis of x ; in A Q, produced if necessary, 
P is taken such that its ordinate is equal to BQ ; shew that 
the locus of P is a parabola. 

19. From any point Q in the line BQ which is perpen- 
dicular to the axis CAB of a parabola whose vertex is A^ 
PQ is drawn parallel to the fixis to meet the curve in P; 
shew that if UA be taten equal to JtP, the lines A Q and 
CP will intersect on the parabola. 

20. At the point (ai', y*) a normal is drawn ; find the co- 
ordinates of the point where it meets tke curve again, and the 
length of the intercepted chord. 
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21. If the normal at any point P meet the curve again 
in Qy and ;SP= r, and p be the perpendicular from 8 on the 

tangent at P, then PQ = _ . 

22. P is any point on a parabola, A the vertex ; through 
A is drawn a line perpendicular to the tangent at P, and 
through P is drawn a line parallel to the axis ; the lines thus 
drawn meet in a point Q] shew that the locus of Q is a 
ptraight line. Find also the eauation to the locus of Q' 
the intersection of the perpendicular from A and the ordinate 
at P. 

23. PQ is a chord of a parabola, PT the tangent at P. 
A line parallel to the axis of the parabola cuts the tangent 
in r, the arc PQ in E, and the chord PQ in F. Shew that 

TE : EF :: PF : FQ. 

24. In a parabola whose equation is y* = 4(M;, pairs of 
tangents are drawn at points whose abscissae are in the ratio 
of 1 : /It ; shew that the equation to the locus of their inter- 
section will be 

when the points are on the same side of the axis, and 

when they are on different sides. 

25. Two straight lines are drawn from the vertex of 
a parabola at right angles to each other; the points where 
these lines meet the curve are joined, thus forming a right- 
angled triangle ; find the least area of this triangle. 

26. Let r and r be the lengths of two radii vectores 
drawn at right angles to each other from the vertex of a 
parabola; then 

(rr')^ = 16a'(r« + r'*). 

27. Find the polar equation to the parabola referred to 
the foot of the directrix as origin and the axis of the curve as 
initial line. 
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28. If a line be drawn from the foot of the directrix 
cutting the parabola, the rectangle of the intercepts made by 
the curve is equal to the rectangle of the parts into which 
the parallel focal chord is divided by the focus. 

29. Find the polar equation to the parabola when tlie 
foot of the directrix is the origin and tne initial line the 
directrix. 

30. A system of parallel chords is drawn in a parabola ; 
find the locus of the point which divides each chord into 
segments whose product is constant. 

31. In a triangle ABG if tan^tan — = 2, and ABhe 

fixed, the locus of G will be a parabola whose vertex is A 
and focus B. 

32. Find the equation to the parabola referred to tan- 
gents at the extremities of the latus rectum as axes. 

33. Find the equation to the parabola referred to the 
normal and tangent at L as axes. 

34. P is a point on a parabola ; a?', xf are its co-ordinates; 
find the equation to the circle described on 8P as diameter. 

35. Shew that the circle described on 8P as diameter 
touches the tangent at the vertex. 

36. If the line y = m{x — a) meets the parabola in (a?', y ') 
and {x\ y"), shew that 

x' + x" = 2a+^,; x'x" = <^; y'+f=^; yY = -ia\ 

37. A circle is described on a focal chord of a parabola 
as diameter; if m be the tangent of the inclination of this 
chord to the axis of a?, the equation to the circle is 

a:»-2aa;fl + -,)+v'-^-3a» = 0. 
\ my ^ m 
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38. Any circle described en a focal chord as diameter 
touches the directrix. 

39. If the focQS of the parabola be the origia, shew that 
the equation to the tangent at (a?', jf) is 

yy' = 2a [x + «' + ?a% 

40. If the focus of a parabola be the erigim, skew that 
the equation to a tangent to the parabola is 

y = 7»(a? + «)+^. 

41. Two parabolas have a common focus and axis, and a 
tangent to one intersects a tangent to the other at right 
angles; find the h>cus of the point of intersection. 

42. If a chord of the parabola y'= A^ax be a tangent of 
the parabola ^==8a.(a? — c)>, shew that the line x = c bisectd 
that chord. 

43. From any point there cannot be drawn more than 
three normals to a parabola. 

44. In a parabola whose equation is y^= 4aa;, the ordinates 
of three points such that the normals pass through the same 
point are y., jr,, y,; prove that yti^y^ + ju — ^ Shew also 
that a circle described through these tnree points passes 
through the vertex of the parabola. 

45. If two of the normals which can be drawn to a para- 
bola through a point are at Tight angles, the locus of that 
point is a parabola. ' 

46. If two equal parabolas have the same focus and llieir 
axes perpendicular to each other, they enclose a space whose 
length PQ == twice th« latus rectum, and breadth 

__ latns rectum 

47. Find the length of the perpendicular from an exter- 
nal point (/i, h) on the ^oorresponding chord of contact. 
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48. •From an external point (A, h) two tangents zx^ 
drawn to a parabola ; shew that the length of the chord of 
contact is 

a 

49- From an -external point (A, 1c) .two -tangents are drawn 
to a parabola; the area ot the triangle formed by the tan- 
gents and chord is - — r . 

50. Tangents to a parabola J!P, Tp are drawn at the 
extremities of a focal chord ; POy pg are normals at the 

1 i . . 

same points. Shew that -pjj^ H ^ is invariable ; and that 

the normals subtend equal angles at T^ 

51. Two equal parabolas have the same axis, but their 
vertices do not coincide. If through any point on the inner 
curve two chords of the outer -curve Pup^ QOq, be drawn 

at right angles to one another, then p^ ^ + Qy^ ^ is 

invariable. 

52. A circle described upon a chord of a parabola as 
diameter just touches the axis ; shew that ifid.be the inclina- 
tion of the chord to the axis, 4a the latus rectum of the 
parabola, and c the radius of the circle, 

* zi 2a 
tan ^ = — • 
o 

53. If 0y be the inclinations to the axis of the para- 
bola of the two tangents through (A, Jfc), shew that 

h a 

tan d+ tan ^ = T ; tan d tan d' = ^ • 

54. If two tangents be drawn to a parabola so that the 
sum of the angles which they make with the axis is constant, 
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the locus of their intersection will be a straight line passing 
through the focus. 

55. Shew that the two tangents through (A, k) are repre- 
sented by the equation 

A(y-A:)»-A(y-.A;)(aj-.A)+a(aj-A)« = 0; 

or (&' - 4aA) {f - 4.ax) = [ky - 2a (a? + h)]\ 

56. Shew that the lines drawn from the vertex to the 
points of contact of the tangents from (A, h) are represented 
bj the equation 

Ay* = 2x(Ay — 2aa?). 



( 141) 



CHAPTER IX. 



THE ELLIPSE. 



158. To find the equation to the ellipse. 

The ellipse is the locus of a point which moves so that its 
distance from a fixed point bears a constant ratio to its dis- 
tance from a fixed straight line, the ratio being less than 
unity. 

Y 




Let S be the fixed point, YY' the fixed straight line. 
Draw BO perpendicular to YY' \ take as the origin, 08 
as the direction of the axis of a?, OY as that of the axis oiy. 

Let Pbe a point on the locus; join 8F\ draw Pilf parallel 
to or and PJV^ parallel to OX. Let 08^p, and let e be the 
ratio of 8P to PN. Let a;, y be the co-ordinates of P. 
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161. Since A'8=eOA' and 0A' = -^, we have 

1 + e 

8C=A'C-A'8=a-a{l-e) = ae, 
OC = A'C+ OA' = a + ^^^^—^ = -, 

^ e 

162. We may now ascertain the form of the ellipse. 
Take the equation referred to the centre as origin 



y'="-Aa*-^. 



.(1). 




For every value of x less than a there are two values of y, 
equal in magnitude but of opposite sign. Hence if P be a 
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point in the curve on one side of the axis of x there is a point 
P" on the other side of the axis snch that FM^ PM. Hence 
the curve is symmetrical with respect to the axis of x. Values 
of a? greater than a do not give possible values of y; hence, 
GA being equal to a, the curve ooes not extend to the right 
of -4. 

If we ascribe to x any negative value comprised between 
and —a, we obtain for y the same pair of values as when we 
ascribed to x the corresponding positive value between 
and a. Hence the portion of the curve to the left of YY' is 
similar to the portion to the right of YY\ 

As the equation (1) may be put in the form 

^-^{V-f) (2), 

we see that the axis of y also divides the curve symmetrically 
and that the curve does not extend beyond the points B and 
JS*, where GB and GE each = b^ 

The line E*K* is the directrix; S is the corresponding 
focus. 

Since the curve is symmetrical with respect to the line 
YGT, it follows that if we take GH= G8 and C£= GE\ 
and draw EK perpendicular to GE, the point H and the line 
EK will form respectively a second focus and directrix by 
means of which the curve might have been generated. 

163. The point G is called the centre of the ellipse because 
every chord of the ellipse which passes through G is bisected in 
G. For suppose (A, k) to be a point on the curve, so that 
the equation 

a^^b' ^ 

is satisfied by the values aj=A, y = i; then (- A, — ^) is also 
a point oil the curve, because since x = h, y = >fc, satisfv the 
above equation, it is obvious that a?=s — A, y = — A, will alsd 
satisfv it. Hence to every point P on the curve there corre- 
sponas another point P^ in the opposite quadrant, such that 

T. C. S. 10 
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PGP^ is a straight line and P^G^PC, Hence every chord 
passing through C is bisected in C. 

164. We have drawn the curve concave towards the axis 
of a;; the following proposition will justify the figure. 

The ordinate of any point of the curve which lies between 
a vertex and a fixed point of the curve is greater than the 
corresponding ordinjsite of the straight line joining that vertex 
and the fixed point. 

Let A* be the vertex, and take it for the origin ; let P be 
the fixed point; x\ j/ its co-ordinates. Then the equation 
to the ellipse is (Art. 160) 

y'=-5(2aaj-ar). 

CI/ 

. The equation to AP is y = «^ a?, or y = ~a /(-t"1) ^> 
siixee {pi^ y') is on the ellipse* 

Let X denote any abscissa less than a?', then since the 
ordinate of the curve is -hji^oxc-^ol) or -a/(- l)a?, 

and that of the straight line is - * /f— r— 1 j a?, it is obvious 

that the ordinate of the curve is greater than that of the 
line. 

165.' AA and BH are called cuxes of the ellipse. The 
axis AA which contains the two foci is called the major axis 
and sometimes the transverse axis; BB is called the minor 
axis and sometimes the conjugate axis. 

The ratio which the distance of any point in the ellipse 
from the focus bears to the distance of the same point from 
the corresponding directrix is called the excentridti/. of the 
ellipse. We have denoted it by this symbol e. 

To find the lattis rectum (see Art 128) we put x^ CH^ 
that is, =ae, in equation (1) of Art. 162; thus 

^~ 7? a*' 
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Since b*^a* — aV; .'. V-^c?^^cf\ that is, 

similarljy B8=e,. 

166. 2b express the foccil distances, of any jponU of the 
ellipse in terms of the abscissa of the j^nU 



Kf 










X 








Y 








jsr 


/^^'^ 




\i> 


N 






--n 






M' 


I 4$" 


c 


MM 


Jf 


X 








• « 









Let i9 be one focus, E^K* the corren^onding directrix; H 
the other focus, EK the corresponding directrix. Let P be a 
point on the ellipse; a?, y its co-ordinates, the centre being 
the origin. Join SP, JSP, afid draw N*PN parallel to the 
major axis, and PJf perpendicular to it. 

Then BP^ePir^eiKG-V CM)^e{^-Vx\^a-\-ex. 

Also, flP«eiW»e(CS-GJf)«e(---a:) = <?»r.e», 

10—2 
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Hence SP-h HP^ 2a; that is, the sum of the focal dis- 
tances of any point on the ellipse is equal to the major axis. 

1 67. The equation y* = -i (a* — aJ^ may be written 

y* = j,(a-a:)(a+a;). 

Hence (see Fig. to Art. 162) 

_ P iP _BC* 

168. Let a circle be described on the major axis of the 
ellipse as a diameter; its equation referred to the centre as 
origin will be 

Hence if any ordinate MP of the ellipse be produced to meet 
the circle in P' we have 

PJlf» = -,P'Jir; 
a" ' 

PM _l 

Join P* with the centre of the ellipse; let P'GM^tfx, 
and let oj, y be the co-ordinates of P; then 

aras OP^cos^^acos^y 

y = -P'Jf = -a sin ^ PS J sin 4. 

These values of x and y are sometimes useful in the solu- 
tion of problems. 
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The angle P*CM is called the excmtric angle of the 
point P. 

169. From Art. 160 we see that the equation to the 
ellipse when the vertex is the origin is 

y* = 2pea? — (1 — e*)a;^. 
If we suppose e = 1, this becomes 

which is the equation to a parabola whose latus rectum is 2p. 
Also in the ellipse 



1 + i 
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If we now make 6=^1, we have a and b infinite, and 

a (1 — e) =^ . Thus if we suppose the distance between the 

vertex and nearer focus of an ellipse to remain constant 
while the excentricitj approaches continuallj nearer to unity, 
the major and minor axes of the ellipse increase indefinitelj 
and the ellipse about the vertex approximates to the ioxm 
of a parabola. 

Thus if any property is established for an ellipse we may 
seek for a corresponding property in the parabola oy referring 
the ellipse to the vertex as origin and examining what the 
result becomes when e is made to approach continually to 
unity, while the distance between the vertex and the nearer 
focus remains constant. 



Tangent and Normal to an Ellipse. 

170. To find the equation to the tangent at any point of 
an ellipse. (See Def. Aift. 90.) 

Let x\ yf be the co-ordinates of the point, 

6'\ y" the co-ordinates of an adjacent point on the 
curve. 

The equation to the Secant l;hr6ugh iihese points is 

y-y'^izi^^-^") W' 

since (»', y') and («", y") are points on tte ellipse, 

oy + JV'-aV; 
.-. 4?(if'--y'*) + b* («"- x"^ =0 ; 



y"-y' i| x"+x' 
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Hence (1) may be written 

Now in the limit a?" = a?', and y" = y' ; hence the equation 
to the tangent at the point (a?', y') is 

y-y'=-^ (*-«'') (2). 

This equation may be simplified; multiply by c?y\ thus 
a»yy' + i"a5a;' = ay« + iV=aV. 

171. The equation to the tangent can be conveniently 
expressed in terms of the tangent of the angle which the 
line makes with the major axis of the ellipse. 

For the equation to the tangent at (a?', y') is 

a^yy'-\-Vxx' = a%\ 



ox 






Let- 


-f-, = m ; thus the equation becomes 








we have then to 


express —j m terms of m. 


Now 




h'x' =s — a*t/'m, 


and 
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Hence the equation to the tangent may be written 

Conversely every line whose equation is of this form is 
a tangent to the ellipse. 

It may be shewn as in Arts. 93, 94, that the tangent at 
any point of an ellipse meets it in only one point, and that 
a line which meets an ellipse in only one point is the tangent 
at that point. 

172. The tangents at the extremities of either axis are 
parallel to the other axis. 

. For the co-ordinates of A are a, 0. (See Fig. to Art. 162.) 
Hence, putting x' ^a^y' t=. 0, the equation 

becomes x^a^ 

which is the equation to a line through A parallel to GY. 
Similarly the tangent at A is parallel to OF, and the tan- 
gents at B and B are parallel to CX. 

173. To find the equation to the normal at any point oj 
an ellipse. {See Def. Art. 97.) 

Let x', y' be the co-ordinates of the point ; the equation 
to the tangent at that point is 

y= — 5-/^+- (I)- 

^ a'y y ^ ' 

The equation to a line through {x\ y') perpendicular to 
(1) is 

y-/ = g(a.-.a:')... (2). 

This is the equation to the normal at {x\ y). 
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174. The equation to the normal majr also be expressed 
in terms of the tangent of the angle which the line makes 
with the major axis of the ellipse. 

The equation to the normal at {x\ y') is 






Let j^, = m ; thus the equation becomes 

y^mx jjT-y (1); 

we have then to express — jr— y' in terms of wi. 

Now, iV = ^, 

m 

and aY+Vx'^^a'b'; 

... ay"+^! = aW; 

.'. y'^{bW + a')=bW. 
Hence (1) becomes 



y==mx — 



^{bW + d')' 



175. We shall now deduce some properties of the ellipse 
from the preceding articles. 

Let x\ y' be the co-ordinates of P; let PTbe the tangent 
at P, and PQ the normal at P; PM, PN perpendiculars on 
the axes. 

The equation to the tangent at P is 

a^'yy'-hb^xx'^aV. 

Let y = 0, then a; = — , hence 



x 






154 
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/. CM. CT^ GA\ 
Simnarly, if the tangent at P meet GY in T', 
CN.Cr^GS^. 

176. The equation to the normal at P is 

At the point Q where the normal cuts the major axis, 
y s 0, hence from the abore equation 



Thus 



.*. aj^saj'U — |j=<V. 



Ca^iGM. 



At the point G^' where the normal cuts the minor axis, 
a? = 0, hence from the above equation 



Thus 



, aV aV , 
GG'^^PM. 
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177. The lengths of PG and PO' may be conrenientlj 
expressed in terms of the focal distances of P. 



rcp'^PiP+OM' 


^y-'+C*'- 


«V)* 


^y-* +«'*(! 


-e^« 


.y.5¥ 








Let 5i*ss».', HPa:*-; ttren 

thus PG'^^. 

cr 

Similarly, it may be shewn that 



178. The normal at Any point bisects the angle between 
the focal distances of thiiZ points 

Let x\ y' be the co-ordinates of P; the co-ordinates of 8 
are — oe, 0; hence the equation to SPia (Art. 36) 

^=^<*+^) w- 

The equation to the normal tit P is 



y-7'=^<«-«')- 
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Hence the tangent of the angle OPS 



«y y' 



b*x' x' + ae _ {<i?-V)x'y' + a\y' 

" . aY «y + *'«" + JVae 

^bW {x' + ae) 

_ oVay' + a*et/ _ eat/ 
~ aV + b'x'ae ~~F* 
The equation to JSP is 

hence it may be shewn that the tangent of the angle OPS 



also = -^ ; 



.-. SPG^HPO. 



Hence SPT = SPT; that is, the tangent at any point is 
equally inclined to the focal distances of that point. 

179. The preceding proposition may also be established 
thus: 

00 = eV, (Art. 176) ; 

.-. SG^ae + ^Xj 
and EG = a« - e"a?'. 

Also SP= a + ex\ HP^ a — ex ; hence 

80 8P 
HO^HP' 
therefore by Euclid, vi. 3, PO bisects the angle 8PH. 

180. To find the locus of the intersection of the tangent at 
any point with the perpendicular on it from the focus. 

Let y = wa? + V(i' + m*a^ (1) 

be the equation to a tangent to the ellipse (Art. 171) ; then 
the equation to the perpendicular on it from the focus PL is 
(see Fig. to Art. 175) 

y = -i(a:-ae) (2). 
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If we suppose x and y to have respectively the same 
values in (1) and (2), and eliminate m between the two equa- 
tions, we shall obtain the required locus. 

From (1) y - 7wa; = */{h* + m*a^ ; 

from (2) my + x:=ae; 

square and add, then 

(y»H-a;^)(l + m*)=J*H-wVH-aV 
= a«(H-m'); 

is the equation to the required locus, which is therefore a 
circle described on the major axis of the ellipse as dia- 
meter. 

We have supposed the perpendicular drawn from JT; we 
shall arrive at the same result if it be drawn from 8] hence 
if jHZ, 82^ be these perpendiculars, C^and CZ* each = a. 

181. To find the length of the perpendicular from the focus 
on the tangent at any point. 

The equation to the tangent at the point (a?', y') is 

The co-ordinates of the focus S'are oe, 0. But if© denote 
the length of the perpendicular from a point (a?^, yj on the 
line y = 7iia: + c, bj Art, 47 

^ l + m" • 

In the present case 

w = — J—, 9 c = -7 ; 

o y y 
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/b*x'as J_»\» 



o'y (g - easy _ aPy (a - ex')* 
~ a* (a'i' - J V) + 6V» ~ i/ia*- <^x") 

Since r'=a2a — r we have 3»'=r . 

^ 2a -rr 

Similarly if y be the perpendicular from /S on the tangeut 
at {x\ if) we shall find 



182. jFVom any ear^emaZ point two tangent^ cm he (fratrn 
to an ellipse. 

Let the equation to the ellipse be 

ay + bV^aV (1), 

and let h, k be the co-K)rdinate8 of an external point. Sup- 
pose a?', y the co-ordinates of a point on the ellipse, such 
that the tangent at this point pames tIu?oiaglL (A» k). The 
equation to the tangent at (a?', y') is 

aV + b'xx' = aV. (2). 

Since this tangent passes through (A, k) 

ofky' + Vhxi = aV (3). 

Also smce (a?', y') is on the ellipse 

aV'"+JV« = aW (4). 

Equations (3) and (4) determine the values of »' and y\ 
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SubBtitnte from (3) in (4), ihm 



( ok J ^^ '^^' 



Tke roots of this quadratic will be found to be both pos- 
sible since (A, k) is an external point and therefore a'i? + 6*A* 
greater than aV. 

The line which passes through the points where these 
tangents meet the ellipse is called tlie chord of contact 

183. Tangents are drawn to an eUipsefrom a given exter-^ 
naljpoint; to find the equation to the chord of contact. 

Let A, h be the co-ordinates of the external point; a? , y^ 
the co-ordinates of the point where one of the tangents from 
(A, k) meets the ellipse; aj,, y, the co-ordinates of the point 
where the other tangent from (A, k) meets the ellipse. 

The equation to the tangent at (a?j, y^ is 

a^yy^-\-Vxx^^a%^ (1) ; 

since this tangent passes through (A, k) we have 

a'ky,+ Vhx, = aV (2). 

Similarly, since the tangent at (a?,, y^ passes through 
(A, k) 

a'ky^+b^hx^^aV (3). 

Hence it follows that the equation to the chord of contact is 
a^ky + b'hx^a'V ,(4). 

For (4) is obviously the equation to some straight line 
also this line passes through {x^, yj for (4) is satisfied by the 
values aj = a?j, y^y^^ as we see from (2); similarly from (3) 
we conclude that this line passes through (a?,, yj. Hence (4) 
is the required equation. 

Thus we mav proceed as follows in order to draw tangents 
to an ellipse from a given external point— draw the ^ne 
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which is represented by (4); join the pomts where it meets 
the ellipse with the eiven external point, and the lines thus 
obtained are the required tangents. 

184. Through any fixed point chords are drawn to an 
ellipse^ and tangents to the ellipse are drawn at the extremities 
of each chord; the locus of the intersection of the tangents is a 
straight line. 

Let A, Jc be the co-ordinates of the point through which 
the chords are drawn ; let tangents to the ellipse be drawn at 
the extremities of one of these chords, and let {x^^ yj be the 
point in which thej meet. The equation to the corresponding 
chord of contact is, by Art. 183, 

O'^yy^ + Vxx^-aV. 

But this chord passes through {Ji, Jc) ; therefore 

Hence the point (a?^, yj lies on the line 

that is, the locus of the intersection of the tangents is a 
straight line. 

We will now prove the converse of this proposition^ 

.185. If from any point in a straight line a pair of tan-- 
gents he drawn to an ellipse the chords of contact will all pass 
through a fixed point. 

Let Ax + By + G^O (1) 

be the equation to the straight line ; let (a?', V) be a point in 
this line from which tangents are drawn to the ellipse ; then 
the equation to the corresponding chord of contact is 

a'yy' + Vxx'^aV (2). 

Since (a?', y) is on (1) 

Ax+By'+C^O; 
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therefore (2) may be written 

XX ^ — ay^ao ^ 

{l'x-^)x'- ^-a'6' = (3). 

Now, whatever be the value of a?', this line passes through 
the point whose co-ordinates are found by the. simultaneous 
equations 

that is, the point for which 

y ^, a? ^. 

186. The student should observe the diflFerent interpre- 
tations that can be assigned to the equation 

a^ky + Vhx = aV. 

The statements in Art. 103 with respect to the circle may 
all be applied to the ellipse. 



EXAMPLES. 

1. What is the excentricity of the ellipse 2a? + 3^ = c' ? 

2. Find the equation to the tangent at the end of the 
latus rectum L. (See Fig. to Art. 162.) Also find the lengths 
of the intercepts of this tangent on the axes. 

3. Write down the equation to the normal at L. 

4. If the normal at L passes through the extremity of 
the minor axis B\ what is the excentricity of the ellipse? 

6. Find the equations to AB and GL. ^See Fig. to Art. 
162.) What is the excentricity of the ellipse if these lines are 
parallel? 

T. c. s. 11 
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6. Find the equation to SH, and determine the abscissa 
of the point where this line cuts the ellipse again. 

7. Find the equation to AL:^ and determine the angle 
between this line and the tangent at L. 

8. If from the point P whose abscissa is x\ a line be 
drawn through H^ determine the abscissa of the point where 
it meets the ellipse again. 

9. Find a point in the ellipse such that the tangent there 
is equally inclined to the axes. 

10. Find a point in the ellipse such that the intercepts 
made by the tangent on the co-ordinate axes are proportional 
to the corresponding axes of the ellipse. 

11. Pis a point on an ellipse, y its ordinate; shew that 

tan^P^' = --^. 
ae^y 

12. P is a point on an ellipse, y its ordinate ; shew that 
the tangent of the angle between the focal distance and the 

tangent at P is — . 
° aey 

13. If ^ denote the angle mentioned in the preceding 
question, 

PO=V(a*-i*<5of^). 

14. From P a point in an ellipse lines are draw to -4., A\ 
the extremities of the major axis, and from A^ A lines are 
drawn perpendicular to AP, A'P\ shew that the locus of their 
intersection will be another ellipse, and find its axes. 

15. If any ordinate MP be produced to meet the tangent 
at L in Q, prove that QM-= PH. (See Fig. to Art. 162.) 

16. If a series of ellipses be described having the same 
major axes the tangents at the ends of their latera recta will 
pass through one or other of two fixed points. 
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17. If the focus of an ellipse be the common focus of two 
parabolas whose vertices are at the ends of the axis major, 
these parabolas will intersect at right angles, at points whose 
distance from each other is equal to twice the minor axis. 

18. Shew that the length of the longer normal drawn 
from a point in the minor axis of an ellipse at a distance c 
from the centre and intercepted between that point and the 
curve is 



(»-v^' 



19. If any parallel straight lines be drawn from the focus 
H and the extremity A of the axis major of an ellipse, and 
if M and N be the points where they meet the axis minor, or 
the axis minor produced, then the circle whose centre is M 
and radius NA will either touch the ellipse, or fall entirely 
outside of it. 

20. A and A' are the extremities of the major axis of an 
ellipse, T is the point where the tangent at the point F of 
the curve meets A A' produced ; through T a line is drawn 
perpendicular to AA' and meeting AP and A'F produced in 
Q and It respectively; shew that QT=RT. 

21. If <^, <^' be the excentric angles of two points, the 
equation to the chord joining the points is 

a 2 b 2 2 

22. Express the equation to the tangent at any point in 
terms of the excentric angle of that point. 

23. Shew that the equation to the normal at the point 
whose excentric angle is <]> is 

oa? sec ^ — by cosec ^ = a' — b\ 

24. The locus of the middle point of PO (see Art. 176) is 
an ellipse of which the excentricity e is connected with that 
of the given ellipse by the equation 

l^e»=(H.e»)»(l^e'^. 

11—2 
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25. Determine the point of intersection of the tangent at 
L with the line HB ; what is the value of the excentricity of 
the ellipse when these lines are parallel ? 

26. A tangent at any point P of an ellipse meets the 
directrix EK in T and E'K' in 2", shew that TE varies as 
the cotangent of PH8 and T'E' varies as the cotangent of 
P8H. (See Fig. to Art. 162.) 

27. If the straight line y = mx + c intersect the ellipse 
«V + ^'^ = ^'**> shew that the length of the chord will be 

2aiV{(l + w')(mV + y-c')} 
mV + i* 

Hence find the relation between the constants that this line 
may be a tangent to the ellipse. 

28. Find the equation to the circle described on HP as 
diameter, supposing Xj y' the co-ordinates of P. 

29. Shew that any circle described on HP as diameter, 
touches the circle described on the major axis as diameter. 

30. From a point (A, Tc) two tangents are drawn to an 
ellipse ; find the sum of the perpendiculars firom the foci on 
the chord of contact. 

31. Any ordinate PM of an ellipse is produced to meet 
the circle on the axis major in Q and normals to the ellipse 
and circle at P and Q respectively meet in E ; find the locus 
oiR. 

32. Two ellipses have a common centre and their axes 
. coincide in direction; also the sum of the squares of the axes 

is the same in the two ellipses ; find the equation to a common 
tangent. 

33. If 5, & be the inclinations to the major axis of the 
ellipse of the two tangents that can be drawn firom the point 
(A, Ar), shew that 

tan^H-tan^'« — P^, tan^ tan^' = V-^- 
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34. Find the locus of a point such that the two tangents 
from it to an ellipse are at right angles. 

35. Shew that the two tangents which can be drawn to 
an ellipse through the point (A, k) are represented by 

(a'-A')(y-^)"H-2(y-A:)(^-A)AA:H-(J«-i^(^-A)' = 0, 

or by 

{a'U' + b'h'^aV) (ay + iV-aW) = {a'hf + Vhx ^ a*by. 

36. Tangents are drawn to an ellipse from the point (A, k) ; 
shew that the lines drawn from the origin to the points of 
contact are represented by 






37. Pairs of radii vectores are drawn at right angles to 
each other from the centre of an ellipse ; shew that the tan- 
gents at their extremities intersect in the ellipse 

38. From an external point T whose co-ordinates are h 
and k a line is drawn to the centre C meeting the ellipse in 
R, shew that 

CT' a'H' + bV 

39. From an external point (A, k) tangents are drawn ; if 
rCj, a?, be the abscissae of the points of contact, shew that 

2AaV _ a*(y-A^) 

40. From an external point {h,k) tangents are drawn 
meeting the ellipse in P and Q; find the value ot HF.SQj 
H being a focus. 

41. From an external point T the lines TP, TQ Bit 
drawn to touch the ellipse in P and Q. CT cuts the ellipse 
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in jB, and BNis clrawn_parallel to ST to meet tte axis major 
in N; shew that HP. HQ « RN\ 

42. Two ellipses of equal excentricity and whose major 
axes are parallel can only have two points in common. Prove 
this, and shew that if three such ellipses intersect, two and 
two in the points P and P', Q and Q^ R and R\ respectively, 
the lines PF, QQ, RR, meet in a point. 

43. Two concentric ellipses which have their axes in the 
same direction intersect, and four common tangents are drawn 
so as to form a rhombus, and the points of intersection of the 
ellipses are joined so as to form a rectangle ; prove that the 
product of the areas of the rhombus and rectangle is equal to 
half the continued product of the four axes. 

44. If the ordinate at any point P of an ellipse be pro- 
duced to meet the circle described on the major axis as 
diameter in Q, prove that the perpendicular from the focus S 
on the tangent at Q is equal to SP. 

45. Find the equation to the ellipse referred to axes 
passing through the extremities of the minor axis, and meet- 
ing in one extremity of the major axis. 

a* J* 

46. If from points of the curve -^ + -^ = (o?— J*)*, tangents 

be drawn to the ellipse -| + ^ = 1, the chords of contact will 
be normal to the ellipse. 

47. Prove the proposition in Art. 180 in a manner similar 
to that used in Art, 138. Also prove the proposition in Art. 
138 in a manner similar to that used in Art. 180. 

48. Find the equation to the ellipse the origin being the 
point {h, k) on the ellipse and the axes parallel to the axes of 
the ellipse. 

49. From a point P on an ellipse two chords PQ, PQ are 
drawn meeting the ellipse in Q, Q\ if A, £ be the co-ordi- 
nates of P referred to the oentre, and mx + ny =» 1 the equation 
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to QQ referred to P as origin, shew that the lines PQ^ PQ' 
are represented by 

with P as origin. 

50. Let P be any point on an ellipse ; draw PP^ parallel 
to the major axis and cutting the curve in P'\ through P draw 
two chords PQ^ PQ\ making equal angles with the major 
axis ; join QQ' ] QQ shall be parallel to the tangent at P\ 

61. From the equation y = mx + >s/(jr^c? + V) deduce the 
equation to the tangent to the parabola. 

52. In the figure of Art. 175 suppose {rP produced to a 
point Q such that OQ — n. QP, and find the locus of Q. 

53. If PN be any ordinate of a circle, and trorxi the ^c- 
tremity A of the corresponding diameter AB, AQh^ drawn 
meeting PN in Q, so that AQ^ PN, find the locus of Q and 
the position of its focus. 

54. Express the tangent of the angle between CP and 
the normal at P in terms of the co-ordinates of P. 

55. Find the greatest value of the tangent of the angle 
between CP and the normal at P. 

56. The major axis of an ellipse is equal to twice the 
minor axis ; a line of length equal to half the major axis is 
placed with one end on the curve and the other on the minor 
axis ; shew that the middle point of the line is on the major 
axis. 

57. A circle is inscribed in the triangle formed by two 
focal distances and the major axis of an ellipse ; find the locus 
of the centre. 

58. If 8Z\ HZ be perpendiculars on the tangent at the 
point P of an ellipse, 8Z and HZ' will intersect on the normal 
at P. 
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CHAPTER X. 

THE ELLIPSE CONTINUED. 

Diameters. 

187. To find the length of a line dravmjrom any poird in 
a given direction to meet an ellipse. 

Let a?', y be the co-ordinates of the point from which the 
line is drawn ; a?, y the co-ordinates of the point to which 
the line is drawn ; the inclination of the line to the axis of 
x; r the length of the line ; then (Art. 27) 

a? = a5'+r cos 0j y = y' + ram0 (1). 

If {x, y) be on the ellipse these values may be substituted 
in the equation 

ay + iV = a'i'; thus 
a*{y' + r sin ^*+ i' (a?' H-r cos 0y=^a*b^; 
.-. r»(a'sin'^H-J»cos'^)+2r(aysin^ + iVcos^ 

+ aV+6V-a*J' = (2). 

From this quadratic two values of r can be found which are 
the lengths of the two lines that can be drawn from (a?', y') 
in the given direction to the ellipse. 

188. To find the diameter of a given system of parallel 
chords in an dlipse, (See definition in Art. 148.) 

Let be the inclination of the chords to the major axis of 
the ellipse ; let a?', y be the co-ordinates of the middle point 
of any one of the chords ; the equation which determines the 
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lengths of the lines drawn from {xy y') to the curve is 
(Art. 187) 

r' (a'sin'5 + 6»cos'^) +2r (ay sin^ + JV cos^) 

+ ay + JV«-.a»6' = (1). 

Since [x\ j/) is the middle ^omi of the chord, the values of r 
furnished by this quadratic must be equal in magnitude and 
(ypposite in sign ; hence the coefficient of r must vanish ; thus 

aysin5 + JVcos^ = 0, or y'= — ^cot^.a?' (2). 

Considering x* and y' as variable, this is the equation to a 
straight line passing through the origin, that is, through the 
centre of the ellipse. 

Hence every diameter passes through the centre. 

Also every straight line passing through the centre is a 
diameter, that 'is, bisects some system of parallel chords ; for 
by giving to ^ a suitable value the equation (2) may be made 
to represent any line passing through the centre. 

If ff be the inclination to the axis of x of the diameter 
which bisects all the chords inclined at an angle we have 
from (2) 

tan^'= — 5 cot Oi 
a 

A" 
.-. tan^tan^'=--5 (3)* 

189. If one diameter Insect all cTiords parallel to a second 
diameter, the second diameter will bisect all chords parallel to 
the first. 

Let d^ and 6^ be the respective inclinations of the two 
diameters to the major axis of the ellipse. Since the first 
bisects aU the chords parallel to the second, we have 

tan 9, tan dj = — -, . 
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And this is also the only condition that mnst hold in order 
that the second may bisect the chords parallel to the first* 

190. The tangent at either extremity of any diameter is 
parallel to the chords which that diameter bisects. 

Let A, k be the co-ordinates of either extremity of a 
diameter; 6 the inclination to the major axis of the ellipse 
of the chords which the diameter bisects. Then the values 
x = h,y=k must satisfy the equation 

a'y &m0 + h^xcos 5 = 0; 

.•• tan 5 = — 27 • 

ak 

But, by Art. 170, the equation to the tangent at (A, k) is 

Hence the tangent is parallel to the bisected chords. 

191. Def. Two diameters are called conjugate when each 
bisects the chords pamllel to the other. 

From Art. 190 it follows that each of the conjugate dia- 
meters is parallel to the tangent at either extremity of the 
other. 

192. Given the co-ordinates of one extremity of a diameter 
to find those of either extremity of the conjugate diameter. 

Let A GA\ BOB' be the axes of an ellipse ; POP', BCD' 
a pair of conjugate diameters. 

Let x\ y' be the given co-ordinates of P; then the equa- 
tion to GP is 



y 



-1^ (!)• 



Since the conjugate diameter BB' is parallel to the tangent at 
P, the equation to BU is 
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We must combine (2) with the equation to the ellipse to 
find the co-ordinates of D and U. Substitute from (2) m 

then a*T^a? + iV = a'i«; 

ay 

■• oV" b* ' 

.'. from (2) v=T — . 
a 

In the figure the abscissa of 2) Is negative and that of D' 
positive ; hence the upper sign applies to i>' and the lower 
to D. 

The properties of the ellipse connected with conjugate 
diameters are numerous and important; we shall now give 
a few of them. 



172 CONJUGATE DIAMETERS OP THE ELLIPSE. 

193. The sum of the sqtiare:, of two conjugate semi-dia- 
meters is constant 

Let x\ y' be the co-ordinates of P; then by the preceding 
article 

*^ o a 
= 5« + ? 

Thus the ram of the squares of two conjugate semi-diame- 
ters is equal to the sum of the squares of the semi-axes. 
Moreover 

= o* - ( I - y as" = o» - e'o;'* = iSP. aP by Art. 166. 

194. The area of the parallelogram which touches the ellipse 
at the ends of conjugate diameters is constant. 

Let POP', DGJy be the conjugate diameters (see Fig. to 
Art 192). The area of the parallelogram described so as to 
touch the ellipse at P, Z>, P\ If, is 4CP. GDsmPCD, or 
ip.GJ), where o denotes the perpendicular from C on the 
tangent at P. Let x', if' be the co-ordinates of P; then the 
equation to the tangent at P is 

V =* — r"> x + ~f 



Hence (Art.47) p —1—,.^-^^-^^-^^. 

And ci>.^(^:f,^:^-yj^i^, 

Thus the area of any parallelogram which touches the 
ellipse at the ends of conjugate diameters is equal to the area 
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of the rectangle which touches the ellipse at the ends of the 
axes. 

195. Let a', V denote the lengths of two conjugate semi- 
diameters; a the angle between them; by the preceding 
article 

dV sin a = a5 ; 

Hence sin* a has its hast value when a = h\ and then 

196. From Art. 194 we have 

This gives a relation between^ the perpendicular from the 
centre on the tangent at any point P and the distance CP of 
that point from the centre. 

We may also express p in terms of the angle its direction 
makes with the axis major; for let '^ denote the angle, then 
the equation to the tangent at (a?', y) may be written 

cfyy' + VxtS = dV, 

and also in the form (Art. 20) 

a? cos -^ + y sin y^=p. 

Hence . , = — , — ^ = » ; 

Qm^lr y ' cos -^/r a; ' 

, a J' sin ylr 

-'■''y — p^ 

P 

ail 

and .•. a'J" = — jrC^'sin'-^ + a'cos'^); 

,-. jp" s J" sin'-^ + a* cos' -^ 
= a'(l-e"sin"f). 
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197. Let ^ and <f> be the excentric angles corresponding 
to P and i> respectively (Art. 168). Then 

x' ==a cos <!> (1), y' = J sin <f} (2), 

-^ = acos^' (3), — = Jsin^' (4). 

From (2) and (3) cos ^' = — sin ^, 

from (1) and (4) sin <f> = cos <p ; 

••• ^' = 2 + *^- 

198. To find the equation to the ellipse referred to a pair 
of conjugate diameters as axes. 

Let CP, CD be two conjugate semi-diameters (see fig. to 
Art. 192), take OP as the new axis of a?, CD as that of y ; 
let PC A = a, J9 CA = fi. Let a;, y be the co-ordinates of any 
point of the ellipse referred to the original axes ; x\ y the 
co-ordinates of the same point referred to the new axes ; then 
(Art. 84) 

a: = aj' cos a + y cosyS, 

y = a?' sin a + y ' sin yS. 

Substitute these values in the equation 

then a* (a?' sin a + y ' sin )3)' + V (a?' cos a + y' cos yS)* = a"J", 
or x^ (a'sin'a + J'cosV) ^-y'* (a'sin*)3 + J*cos'y3) 

+ 2aj'y ' (a* sin a sin )3 + }? cos a cos )3) = a'6*. 
But, since CPand (7i> are conjugate semi-diameters, 

tan a tan i8 = — ^ ; 
a 

hence the coefficient of yiy vanishes, and the equation be* 
comes 

a?'" (a* sin* a + J' cos' a) + y '* (a' sin* )8 + J" cos* i8) = a*J". 



TO CONJUGATE DIAMETERS A& AXES, 175 

In this equation, suppose x = 0, then 



»/'* — 



o»6» 



This is the value of GIf, which we shall denote bj i" ; 
similarly we shall denote CF* by a'*, so that 

a* sin* a -f J'* cos* a ' 

Hence the equation to the ellipse referred to conjugate 
diameters is 

a'* "^ 6'* - ' 
or, suppressing the accents on the variables, 

a'*^J'* i. 

199. A particular case of the preceding is when a' = i' ; 
then 

a' sin*)3 + }? cos*i8 = a* sin' a + i^ cos* a ; 

/. a* (sin* y8 - sin* a) - J* (cos* a - cos* ^) 

= 6'(sin')3-sin'a); 

.-. (a*-&*)(sin*/3-sin*a) = 0; 

/. sin'/S=»sin*a; 

/. y8 = 7r — a. 

And since a'* = J'* each of them =^5-- — , (Art. 193). 

Hence from the value of a'* in the preceding article, we 
have 

2 a* sin' a + i* cos* a ' 

/. (a* + 6*) {(a* - J*) sin* a + J*} = 2a*J* ; 
a*6*-J* J* 



sm'a 



.>« = . 



(a* + 5*)(a'*-i*} a*+i*' 
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This shews that the equal conjugate diameters are parallel 
to the lines BA and BA'. 

200. The equation to the tangent to the ellipse will be of 
the same form whether the axes be rectangular or the obli(]^ue 
system formed by a pair of conjugate diameters ; for the in- 
vestigation of Art. 170 will apply without any change to the 
equation a'y + 5' V = a *i'* which represents an ellipse re- 
ferred to such an oblique system. 

201. Tangents at the extremities of any chord of an ellipse 
meet in the diameter which bisects that chord. 

Kefer the ellipse to the diameter bisecting the chord as the 
axis of X, and the diameter parallel to the chord as the axis 
of y; let the equation to the ellipse be 

Let x\ y* be the co-ordinates of one extremity of the chord; 
then the equation to the tangent at this point is 

a'^yy'-\-rxx'==a%'' (1). 

The co-ordinates of the other extremity of the chord are 
x\ —y\ and the equation to the tangent there is 

-aV + *''^' = «'"*'" (2). 

The lines represented bjr (1) and (2) meet at the point 
for which 

y = o, a^ = -^; 

this proves the proposition. 



Supplemental chords. 

^ 202. Def. Two straight lines drawn from a point of the 
ellipse to the extremities of any diameter are called suppU- 
mental chords. They are called principal supplemental chords 
if that diameter be the major axis. 
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203. If a chord and diameter of an ellipse are parallel^ the 
MUpplemental chord is parallel to the conjugate diameter^ 




Let PF' be a diameter of the ellipse ; QP, QP two sup- 
plemental chords. Let x\y* be the co-ordhiates of P, and 
therefore —a?', — y' the co-ordinates of P', 

Let the equation to PQ be (Art. 32) 

y-y'^m{x-a!) (1), 

and the equation to P' ^ 

y + y'^m! ix + x') (2). 

The co-ordinates of the point Q satisfy (1) and (2) ; if then 
we suppose a?, y to denote those co-CH:dinates, we have from 
(1) and (2) bj multiplication 

y"-y'* = mm'(aj*-a;'*) (3). 

But since (a?, y) and (a?', y') are points on the ellipse 

ay-\-b'x^=^aV, 

aY+h'x'*=^a'b'; 

.-. a«(y«-/»)+6'(a?-a:'')=0; 

••.2^-y'=-^l(«^-«^'^ Wiv 

T. c. S. 12 
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From (3) and (4) we have 

mm = 5 (5). 

But we have shewn in Art. 188 that If (5) be satisfied, the 
two lines represented by y = mx and y = mx are conjugate 
diameters ; tnis proves the theorem. 

Polar Equation. 

204. To find the polar equation to the ellipse, the focus 
being the pole. 

Let /SP^r, ASP^d, (see Fig. to Art 158) ; 

then 8P= ePN, by definition ; 

that is, SP-^eiOS-hSM); 

or r = a (l-e") +«rcos('7r-tf), (Art 161); 

.\ r (l+e cos ^) = a (1 —6*), 

, a(l-e') 

and r = r-^ -^ . 

l + eco&O 

If we denote the angle ASP by tf, then we have as before 

JSP=^e{08+8M); 

thus r = a (1 — e*) + er cos d, 

and r = -— ^^ '-^\ 

1 — « cos ^ 

205. We shall make use of the preceding article in finding 
the polar ecjuation to a chord, from which we shall deduce the 
polar equation to the tangent 

Let P and P be two points on the ellipse ; suppose 

A'SP^a^fi, A8P^0L + fiy 

80 that PySP' = 2j3; and let I be the semi-latus rectum of the 
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ellipse, so that Z = a (1 - c') ; it is requiied to find the polar 
equation to the line PP. 




Assume for the equation (see Art. 29) 

^cose + ^sine+C7=0 (1). 

Since the line passes through P, equation (1) must be 
satisfied by the co-ordinates of P; now -4';8P=a— yS, and 

therefore 8P^ 7— sr; thus firom (1) 

l + 6C0s(a-/8)' ^ ' 

l[Acos (a-/S) + Psin (a-)8)} 

+ (7{l + ecos(a-y3)}=0 (2). 

Similarly, since the line passes through P', 

I [A cos (a +)8) + jBsin (a + )8)} 

+ a{l +ecos (a+^)} ^0 ....{2). 

From (2) and (3), by subtraction, 

Z(^sinasini8 — Pcosasin/3) + Cfe8inasin/8 = 0; 

.'. Z(-4sina— jBcosa) + C76sina = (4). 

From (2) and (3), by addition, 

Z(-4cosaco8y9 + jB8inacos/9)+ 0(1 + ecosacos)ff) = 0; 

.-. Z(^cosa + jBsina) + (7(sec/8 + ecosa) = ..(5). 

12—2 
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From (4) and (5) we find 

lA+C{aecficoBa + e) = 0, 

IB+GBecfi&ma «©• 

Substitute the values of A and B in (1) and divide bj C, 
and we have 

r {(sec iS COS a + e) COS ^ + sec)9 sin a sin 5} — Z = ; 

I 

ccos^ + secj8cos(a — ^ ' 

If SQ bisect the angle P8P\ we have 

Now suppose fi to diminish indefinitely ; then the chord 
PF* becomes the tangent at Q, and we obtain its polar equation 
by putting )8 = in the preceding result ; thus we have 

I 

e cos 5 + cos (a — ^) ' 

The investigations of this article will apply to the para- 
bola by supposing 6 = 1. 

206. The polar equation to the ellipse referred to the 
centre is sometimes useful; it may be deduced from the 
equation a'y* + J V = a* J*, by putting r cos 0, r sin tf , for x 
and t/ respectively ; we thus obtain 

r'(a«sin«d + J'cos««) = aV. 

We add a few miscellaneous propositions on the ellipse. 

207. J^ tangents be drawn at the extremities of any focal 
chord of an ellipse, (1) the tangents will intersect in the corre^ 
sponding directrix, (2) the line drawn from the point of inter- 
section of the tangents to the focus will be perpendicular to the 
focal chord. 
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(1) If two tangents to an ellipse meet in the point (A, A) 
the equation to the chord of contact is, by Art. 183, 

Suppose the chord passes through the focus whose co-ordi- 
nates are a? = — ae, y = ; then 

... yi- ^, 

that is, the point of intersection of the tangents is on the 
directrix corresponding to this focus. 

(2) The equation to the line through (A, Tc) and the focus is 
K A = — , this becomes 

Tea* . . 

and the line is therefore perpendicular to the focal chord of 
which the equation is 

208. If through any point within or loithout an ellipse, two 
lines be Arawn parallel to two given straight lines to meet the 
curve, the rectangles of the segments will be to one another in 
an invariable ratio. 

Let {x\ y*) be the given point and suppose a and /S respec- 
tively the inclinations of the given straight lines to the major 
axis of the ellipse. By Art 187 if a line be drawn from 
[x', y) to meet the curve and be inclined at an angle a to the 
major axis, the lengths of its segments are given by the 
equation 
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r* (a* sin" a + i^cofi* a) + 2r (aV sin a + JVcos a) 

therefore the rectangle of the segments = a'^. ^ 75 — j— • 

^ ® a* sin* a + J'* cos" a 

Similarly the rectangle of the segments of the line drawn 

from (a; , V ) at an angle p = /. ,q — 75 — 575 . 
^ '^' ^ ^ a*sm"/S + icos'y8 

TT xi- X- i-xi- X 1 a'sin")3+ J'cos")S , 
Hence the ratio of the rectangles = «.,.!■» — s" 5 ^^^ 

° a"8m"a + Jcosa 

this ratio is constant whatever x and y' may be. 




Let be the point through which the lines OPp, OQq, 
are drawn inclined to the major axis of the ellipse at angles 
a, /S, respectively ; then 

OP. Op a*sin'/3 + ycos'/3 
OC.(?j'"a«sin'a + ft»cos"a* 

Draw the semi-diameters CD, CE, parallel to Pp, Qq, 
respectively, then, by Art. 206, 

gjy^ g'sin'yg + S'cos^/g 
CB» a'sin»a + 6'cos*a' 

OP.Op _GD^ 
•'• OQ.Oq'^GE'' 
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Let TM, TN be tangents parallel to Pp^ Qq, respectively; 
then if coincides with T, the rectangle OP. Op becomes 
TM\ and the rectangle OQ.Oq becomes TN^; 

TM CD 



EXAMPLES. 

1. CP and CD are conjugate semi-diameters ; given the 
co-ordinates of P {x\ y'), find the equation to the line PD, 

2. If lines drawn through any point of an ellipse to the 
extremities of any diameter meet tne conjugate CD in the 
points M, N, prove that CM. CN^ Clf. 

3. CP, CD are two conjugate semi-diameters ; CjP, CD' 
are two other conjugate diameters ; shew that the area of the 
triangle PCP is equal to the area of the triangle DCD\ 

4. Normals at Pand i>, the extremities of semi-conjugate 
diameters, meet in K\ find the equation to KC^ and shew that 
KC is perpendicular to PD. . 

5. In an ellipse the rectangle contained by the perpen- 
dicular from the centre upon the tangent, and the part of the 
corresponding normal intercepted between the axes is equal 
to the difference of the squares of the semi-axes 

6. Shew that the locus of the intersection of the perpen- 
dicular from the centre on a tangent to the ellipse is the 
curve which has for its equation r^cf cos* Q ■\-}? sin* ^, the 
centre being the origin. 

7. From A the vertex of an ellipse draw a line ARQ to 
Q the middle point of HP meeting SP in R ; shew that the 
locus of 5 is an ellipse, and also the locus of §. 
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8. Find the polar equation to the ellipse, the vertex being 
the origin and the major axis the initial line. 

9. If anj chord A Q meet the minor axis produced in JS, 
and CPhe a semi-diameter parallel to AQ, then 

AQ.AB^2GF'. 

10. A circle is described upon AA' the major axis of an 
ellipse as diameter ; P is any point in the circle ; AP, AP 
are joined cutting the ellipse in points Q and Q respectively; 
shew that 

AP A'P_ a' + l' 
AQ^A'Q^ V • 

11. If circles be described on two semi-conjugate diame- 
ters of an ellipse as diameters, the locus of their intersection 
is the curve defined by the equation 

2 («:» + »*)•= aV + jy. 

12. OP, CD are conjugate semi-diameters ; CQ is per- 
pendicular to PJ9, find the locus of Q. 

13. Find the points where the ellipse a (1—^ ^T-{-re cos 6 
cuts the line a(l — e') =r sintf + r (1 +6) cos 6. 

14. Write down the polar equations to the four tangents 
at the ends of the latera recta ; also the equations to the tan- 
gents at the ends of the minor axis ; the focus being the pole. 

15. Determine the locus of the intersection of tangents 
drawn at two points P, Q^ which are taken so that the sum 
of the angles ASP^ A8Q, is constant. 

16. If PJ^ be a focal chord of an ellipse, and along the 
line 8P there be set off 8Q a mean proportional between 8P 
and S^, the locus of Q will be an ellipse having the same 
excentricity as the original ellipse. 

17. Two ellipses have a common focus and their major 
axes are equal in length and situated in the same straight 
line; find the polar co-ordinates of the points of inter- 
section. 
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18. From an external point two tangents are drawn to an 
ellipse ; between what limits does the ratio of the length of 
one tangent to the other lie? 

19. TP, TQ are two tangents to an ellipse, and CP\ GQ\ 
are the radii from the centre respectively parallel to these tan- 
gents, prove thatP*^' is parallel to PQ. 

20. An ellipse and a circle cut in four points ; shew that 
the common chords make equal angles with the major axis of 
the ellipse. 

21. When the angle between the radius vector from the 
focus and the tangent is least, the radius vector = a. 

22. When the angle between the radius vector from the 
centre and the tangent is least, the radius vector = f — - — J • 

23. PT^pt are tangents at the extremities of any diameter 
Pp of an ellipse; any other diameter meets PTin jP, and its 
conjugate meets ^^ in t ; also any tangent meets PTin T* and 
pt in t'l shew that PTi PT :: pi \pt. 

24. From the ends P, i), of conjugate diameters in an 
ellipse, draw lines parallel to any tangent line ; and from the 
centre C draw any line cutting these lines and the tangent in 
points p^ rf, tf respectively ; then will 

25. If tangents be drawn from different points of an ellipse 
of lengths equal to n times the semi-conjugate diameter at 
each point, then the locus of their extremities will be a con- 
centric ellipse with semi-axes equal to 

aV(»i*+l) and 5V(«*+1). 

26. Apply the equation to the tangent in Art. 171 to find 
the locus of the intersection of tangents at the extremities of 
conjugate diameters. 

27. If from a point {x\ y') of an ellipse a chord be drawn 
parallel to a fixed line, shew that the length of this chord 
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varies as^- — — ^^^5 — 2Z where 6 is the Inclination of the 
cos ' ^ 

tangent at (a?', y') to the axis, and a the inclination of the fixed 

line to the axis. 

28. If through any point P of an ellipse two chords PQ, 
PE, be drawn parallel to two fixed lines and making angles 
a and fi respectively with the tangent at P, shew that the ratio 
PQ cosec a : PB cosec fi is constant. 

29. A parabola is touched at the extremities of the latus 
rectum by an ellipse of given magnitude; find the latus 
rectum of the paraoola. 

30. The perpendicular from the centre on a line joining the 
ends of perpendicular diameters of an ellipse is of constant 
length. 

31. Chords are drawn through the end of an axis of an 
ellipse ; find the locus of their middle points. 

32. Chords of an ellipse are drawn through any fixed 
point ; find the locus of their middle points. 

33. Two focal chords are drawn in an ellipse at right 
angles to each other ; find their position when the rectangle 
contained by them has respectively its greatest and least 
value. 

34. In an ellipse if PP' and QQ be focal chords at right 
angles to each other 

1-e* . l-e" 1 1 



"^ .Qn .Qrv An*'^ 



8P.8F^ SQ.Sg^AO'^BC*' 

35. P8p, Q8q, are focal chords ; suppose T the point 
where the lines PQ, pq meet ; shew that T8 is equally in- 
clined to the focal cnords, and that T is on the directrix 
corresponding to 8. 

36- If r, be the polar co-ordinates of a point P, shew 
that 

rrD'z * , l+ecos5 
tan izjrZ = -77-; 5 — nr ^^^ = — a — • 
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37. Perpendiculars are drawn from P and D the ex- 
tremities of any pair of conjugate diameters on the diameter 
y='X tan a ; shew that the sum of the squares of the perpen- 
diculars is a' sin* a + V cos* a- 

38. The excentric angles of two points P and Q 2iiQ(f> and 

<fc' respectively; shew that the area of the parallelogram 

lormea by the tangents at the extremities of the diameters 

Aab 
through P and Q is -; — j-p — tt ; shew also that the area is 
° sm (^ — 9) 

least when P and Q are the extremities of conjugate dia- 
meters, 

39. Shew that the equation to the locus of the middle 
points of all chords of the same length (2c) in an ellipse is 

40. Chords of an ellipse are drawn at right angles to one 
another through a point whose co-ordinates are A, A;; if 
CP, GQ be the radii drawn from the centre parallel to 
the chords, and Ey F the middle points of tne chords, 
shew that 

OB" OF^h^ y 

41. Given the co-ordinates of P, find those of the inter- 
section of the tangents at P and D. (See Fig. to Art. 192.) 



42. Shew that the equation 
a* 



II [x{hx'-ay') v[ay'+ha!) J» 



represents the tangents at P and jD, supposing x\ y' the co- 
ordinates of P. (See Fig. to Art. 192.) 

43. If CP, CD be any conjugate diameters of an ellipse 
APBDA, and PP, BD be joined and also AD, A'P, these latter 
intersecting in 0, shew that BDOP is a parallelogram. 
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44. Shew that the area of the parallelogram in the preced- 
ing question = mi + hoi — ai, where a?', y' are the co-ordinates 
of P; and find the greatest value of this area. 

45. K a line be drawn from the focus of an ellipse to make 
a given angle a with the tangent, shew that the locus of its 
intersection with the tangent will be a circle which touches or 
falls entirely without the ellipse according as cos a is less or 
greater than the excentricity of the ellipse. 

46. In an ellipse 8Q^ HQ^ drawn perpendicular to a pair 
of conjugate diameters, intersect in Q ; prove that the locus of 
Q is a concentric ellipse. 

47. Two ellipses have their foci coincident ; a tangent to 
one of them intersects at right angles a tangent to the other ; 
shew that the locus of the point of intersection is a circle 
having the same centre as the ellipses. 

48. What is represented by the equation a? + y* = c' when 
the axes are oblique? 

49. Shew that when the ellipse is referred to any pair of 
conjugate diameters as axes, the condition that y = mx and 

y = mx may represent conjugate diameters is mm! = — ra • 

50. The ellipse being referred to equal conjugate diame- 
ters, find the equation to the normal at any point. 

51. From any point P perpendiculars PM, PN are drawn 
on the equal conjugate diameters ; shew that the normal at P 
bisects mN. 



( 189 ) 



CHAPTER XI, 

THE HYPEBBOLA. 



209. To find the equation to the hyperbola. 

The hyperbola is the locus of a point which moves so that 
its distance from a fixed point bears a constant ratio to its 
distance from a fixed straight line, the ratio being greater 
than unity. 





Let S"be the fixed point, YY' the fixed straight line. Draw 
HO perpendicular to YY'\ take as the origin, OH 03 the 
direction of the axis of a?, OY as that of the axis of y . 

Let P be a point on the locus ; join HP, draw PM parallel 
to r and P^ parallel to OX. Let OH^^jp, and let e be the 
ratio of HP to PN^ Let a?, y be the co-ordinates of P. 
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By definition 

/. PM^^HM^^e^PN\ 

that is, y* + (a? —pY = eV. 

This is the equation to the hyperbola with the assumed 
origin and axes. 

210. To find where the hyperbola meets the axis of x 
we put y = in the equation to the hyperbola ; thus 

(a?— J?)* = 6*2^; 

/• a?— 2?= ±ea?; 

•• ^ 1 + e- 
Since e is greater than unity, 1 — e is a negative quantity. 

Let OA = -^-— , OA = -7^ , the former being measured 
€ — 1 1 +6 ° 

to the left of 0, then -4' and .4 are points on the hyperbola, 

A and A! are called the vertices of the hyperbola, and C 

the point midway between A and -4' is called the centre of 

the hyperbola. 

211, We shall obtain a simpler form of the equation to 
the hyperbola by transferring the origin to A or G. 

I. Suppose the origin at A. 

Since OA = , . , we put x^x* + -^— and substitute 
1 +e' ^ 1 + e 

this value in the equation 

f + {x^py^e'x'; 

thus y+(.'+j^.py.e-(.'+^y, 
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.-. y' = 2;>eaj'+(6'-l)aj'' 
The distance A' A = -^ + -^ =• -5-^ ; we will denote 

6 — 1 1 + 6 6—1 

this by 2a ; hence the equation becomes 
y« = (e«-.l)(2ai»' + a:'*). 

^ We may suppress the accent, if we remember that the 
origin is at the vertex A^ and thus write the equation 

3^= (6»-l) {2ax + a?) (1). 

II. Suppose the origin at C. 

Since GA = a, we put x^x' — a and substitute this value 
in (1) ; thus 

y«=(e»-l){2a(a?'-a) + (aj'-a)»} 
= (6»-l)(a:'«-a«). 

We may suppress the accent, if we remember that the 
origin is now at the centre C, and thus write the equation 

3^=(6«-l)(a;«-a«) (2). 

In (2) suppose a? = 0, then y* = — (6* — 1) a* ; this gives an 
impossible value to y, and thus the curve does not cut the 
axis of y. We shall however denote (e* — 1) a' by J*, and 
measure off the ordinates CB and GB' each equal to i, as we 
shall find these ordinates useful hereafter. 

Thus (1) may be written 



3^ = ^(2ax + a^ (3), 



and (2) may be written 



f='^{^-<f) (4). 
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or, more symmetrically, 

^-.^ = 1, or, ay-&V = -aV.. (5). 

212. Since AH-eOA and OA^rr^, we have 

. 1 + 6 

ATT «P _ (6 - 1) qP _ ,, -V 

l + « 6 

Cff«G4 + -4^=a + (6-l)a = ea, 

6 e' 

and OH^p^^Jl^^. 

213. We may now ascertain the form of the hyperbola. 
Take the equation referred to the centre as origin. 



3' = %{a?-<^. 



.(1). 



For every value of x less than a, y is impossible. When 
x^Of y = 0. For every value of x greater than a there 
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are two values of y equal in magnitude but of opposite sign. 
Hence if P be a point in the curve on one side of the axis 
of Xy there is a point P' on the other side of the axis, such 
that P'M=PM» Hence the curve is symmetrical with re- 
spect to the axis of a:, and it extends indefinitely to the right 
oiA. 

If we ascribe to x any negative value we obtain for y 
the same pair of values as when we ascribed to x the cor- 
responding positive value. Hence the portion of the curve 
to the left of the axis of y is similar to the portion to the 
right of it. 

As the equation (1) may be put in the form 

a^ = ^' (/ + &•) (2), 

we see that the axis of y also divides the curve symmetrically, 
and that the curve extends above and below CA. Thus the 
curve consists of two similar branches each extending inde- 
finitely. 

The line EK is the directrix, H is the corresponding focus. 
Since the curve is symmetrical with respect to the line BCB\ 
it follows that if we take G8=- GH and GE' = GE, and draw 
E'K' perpendicular to GE', the point S and the line E'K' 
will form respectively a second focus and directrix, by means 
of which the curve might have been generated. 

214. The point G is called the centre of the hyperbola, 
because every cnord of the hyperbola which passes through G 
is bisected in (7. This is proved in the same manner as the 
corresponding proposition in the ellipse. (See Art. 163.) 

215. We have drawn the curve concave towards the axi^ 
of X ; the following proposition will justify the figure. 

The ordinate of any point of the curve which lies between 
a vertex and a fixed point of the curve on the same branch 
as the vertex is greater than the corresponding ordinate of the 
straight line joining that vertex and the fixed point. 

T. C. S. 13 
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Let A be the vertex and take it for the origin ; let P be 
the fixed point ; x\ y' its co-ordinates. Then the equation 
to the hyperbola is (Art. 211) 

Qi 

The equation to AP is 

y' 

Since [x\ y) is on the hyperbola. 

Let X denote any abscissa less than x\ then since the 
ordinate of the curve is - tji^ax + a?) or -K/i—' + 1) «?> and 

that of the straight line is "A/i—r + 1) a?, it is obvious that 
the ordinate of the curve is greater than that of the line. 

216. AA* and BB' are called aoces of the hyperbola. The 
axis AA' which if produced passes through the foci, is called 
the transverse axis, and BB' the conjugate axis. We do not 
as in the case of the ellipse, use the terms m<yor and minor 
axis, because since 6 = aV(«'— 1) i^^* 211), and e is greater 
than unity, b may be greater or less than a. 

The ratio which the distance of any point on the hyper- 
bola from the focus bears to the distance of the same point 
from the corresponding directrix is called the excentridty of 
the hyperbola. We have denoted it by the symbol e. 

To find the latus rectum (see Art. 128) we put x = CfiT, 
that is, = oe, in equation (1) of Art. 213 ; thus 

5V(e'-l) _y. 

.*. LH= - , and the latus rectum = — . 
a « 
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Since i^'^a'Ce'-l); .-. J" + a' = aV; that fe, 

.\AB^Cn. 

217^ The equation to the hyperbola may be derived from 
the equation to the ellipse by writing — h^ for V. We shall 
find that the hyperbola has many properties similar to those 
which have been proved for the ellipse; and as the demon- 
strations are similar to those which have been given, we shall 
in some cases not repeat them for the hyperbola, but refer to 
the corresponding articles in the chapters on the ellipse. 

218. To express the focal distances of any jmnt of the 
hyperbola in terms of the abscissa of the point. 




Let 8\iQ one focus, EK! the corresponding directrix; H 
the other focus, -Eff'the corresponding directrix. Let Pbe a 

Cint on the hyperbola; a?, y its co-ordinates, the centre 
ing the origin. Join SP^ MP^ and draw PNN' parallel to 
the transverse axis and Pif perpendicular to it. Then 

J3P^ePN' = e{GM+ CE')^e (a? + |) = eo? + a, 

MP^ePN^e[CM-CE)^e{x^^^ex^a. 

13—2 
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Hence 8P-EP^2a; that is, the diference of the focal 
distances of anj point on the hyperbola is equal to the trans- 
verse axis. 

219. The equation y* = i (a^ - a*) may be written 

Hence (see Fig. to Art. 213), 

PJiP _BC* 
AM. A' M" AC*' 



Tangent and Normal to an Hyperbola. 

220. To find the equation to tlie tangent at any point of 
an hyperbola. 

By a process similar to that in Art. 170, it will be found 
that the equation to the tangent at the point {x\ y') is 

or <fyy' — Vxx' = — a*J\ 



These equations may be derived from the corresponding 
equations with respect to the ellipse by writing — V for V. 

221. The equation to the tangent to the hyperbola may 
also be written in the form (see Art. 171) 

y = wa? + V(wV — 6'). 

Conversely every line whose equation is of this form, is a 
tangent to the hyperbola. 

222. It may be shewn as in the case of the circle that a 
tangent to an hyperbola meets it in only one point. Also if a 
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line meet an hyperbola in only one point, it is in general 
the tangent to the hyperbola at that point. For suppose 

to be the equation to an hyperbola, and 

the equation to a straight line. Then to determine the 
abscissae of the points of intersection, we have the equation 

or {aW - J') ic* + ^a^'mcx + a*{c* + V) = 0, 

This equation has always two roots, except 

(1) when a*wV := (aW - ¥) a« (c* + V), 
or c'=mV — y, 

and consequently the line is a tangent; 

(2) when cfrr? — J' = 0; the equation then reduces to one of 
the first degree, and therefore has but one root. Thus a line 

. which meets the hyperbola in one point only is the tangent at 
that point unless the inclination of the line to the transverse 

axis be +tan"*-. 
a 

223. The tangents at the vertices A and A' are parallel 
to the axis of y. (See Art. 172.) 

224. To find the equation to the normal at any point of 
an hyperbola. (See Art. 173.) 

It will be found that the equation to the normal at 
{x',y')iB 
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This may also be written in the form 

2^ " ""^ ~ ^{a'^hW) • ^^^ ^^' ^^^'^ 

225. We shall now deduce some properties of the hyper-* 
bola from the preceding articles. 




Let X, y' "be the co-ordinates of P; let PT be the tangent 
at P, PO the normal at P; PM, P^ perpendiculars on the 
axes. 

The equation to the tangent at P is 

cfyy* — b^xx* = — a V. 



Let y=0, then a5 = -7, hence 

X 



Similarlj 



CA* 
CM' 

.: CM.GT=CA\ 

' CN.Cr=CB*. 
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226. As in Art. 176, we may shew that 

CG'^-^PM. 

227. As in Art. 177, we may shew that 



PCP^--^, P(?'> = - 



a 



V ' 



where /gP=/, HP^r. 

228. The tangent at any point bisects the angle between 
the focal distances <^ that point. 

For in the manner given in Art. 178, we may shew that 
8PG' = B:PG; 
and therefore since PT is perpendicular to GG\ 
TP8^TPH. 
Or we may prove the result thus, 

CG^e^x' (Art. 226); 
.-. SG^e^x' + ae, 
HG=^e^x' "O^. . 
Also 8P= ex* + a, HP = ea?' — a ; hence 
8G _8P 
EG" HP' 

therefore by Euclid, VI. 3, PG bisects the angle between SP 
and 8P produced, that is, 

8PG' = HPG. 

229. To find the locus of the intersection of the tangent at 
any point with the perpendicular on it from thefocm. 

It may be^ proved as in Art. 180, that the required locus is 
the circle described on the transverse axis as diameter. 
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230. Let p denote the perpendicular from H on the 
tangent at P, and p the perpendicular from 8; then, as in 
Art. 181, it may be shewn that 

Since r' = 2a + r, we have 



/ = 



2a + r' 



231. From any external point two tangents can be drawn 
to an hyperbola. 

Let A, Tc be the co-ordinates of the external point, then as 
in Art. 182, we shall obtain the following equation for deter- 
mining the abscissae of the points of contact of the tangents 
and hyperbola, 

a?" (a«A» - JW) -h 2a%'hx' - a* (^ + i^ = 0. 

The roots of this quadratic will be possible if 
a*JW -h a* [V -h **) (a%' - JW) is positive ; 
that is, if 

is positive. 

But if (A, Tc) be an external point the last expression ii 
positive, and therefore two tangents can be drawn to the 
nyperbola from an external point. 

The product of the two values of x given by the above 
quadratic is 

this product is therefore positive or negative according as 

a'A" — yA" is negative or positive; that is, the two tangents 

meet the same branch or different branches according as 
a'A" — J?A' is negative or positive. 
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The case in which a*}(? — h*h* = requires to be noticed. 
Here one root of the quadratic equation becomes infinite^ and 

the other is ^ ,,, , ; see Algebray Chapter xxil. 

In this case the point (^, h) falls on a certain line called 
an asymptote^ which we shall consider hereafter; see Art. 255. 
The asymptote itself may then count as one of the two tan- 
gents from the point (A, k). If A = and k = the point 
(A, k) is the origin; in this case the two asymptotes may 
count as the two tangents from the point (A, A;). 

232. Tangents are draton to an hyperbola from a given 
external point ; to find the equation to the chord of contact. 

Let A, k be the co-ordinates of the external point ; then 
the equation to the chord of contact is 

a% - Vhx = - a%\ (See Art. 1 83.) 

233. Through any fixed point chords are drawn to am 
hyperbola^ and tangents to the hyperbola are drawn at the 
extremities of each chord; the locus of the intersection of the 
tangents is a straight line. 

Let h, k be the co-ordinates of the point through which 
the chords are drawn, then the equation to the locus of the 
intersection of the tangents is 

a'ky - Vhx = - a%\ (See Art. 184.) 

234. If from any point in a straight line a pair of tan^ 
gents be drawn to an hyperbola^ the chords of contact will all 
pass through a fixed point. (See Art. 185.) 

235. The student should observe the different interpre- 
tations that can be assigned to the equation 

a*ky — b*hx = — a V. 

The statements in Art. 103 with respect to the circle may 
all be applied to the hyperbola. 
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EXAMPLES. 

1. What is the equation to an hyperbola of given trana- 
yerse axis whose vertex hisects the distance between the 
centre and focus ? 

2. If the ordinate MP of an hyperbola be produced to Q 
so that MQ = 8P, find the locus of Q. 

3. Any chord AP through the vertex of an hyperbola is 
divided in (? so that AQ \ QP :: AO" : 50*, and QM is 
drawn to the foot of the ordinate MP; from Q a line is drawn 
at right angles to Qilf meeting the transverse axis in 0; shew* 
that AO I A'O :: AC^ : BC^. 

4. PQ is a chord of an ellipse at right angles to the ma- 
jor axis AA; PA, QA' are produced to meet in B; shew that 
the locus of JS is an hyperbola having the same axes as the 
ellipse. 

5. If a circle be described passing through any point P 
of a given hyperbola and the extremities of the transverse 
axis, and the ordinate MP be produced to meet the circle in 
Q, shew that the locus of Q is an hyperbola whose conjugate 
axis is a third proportional to the conjugate and transverse 
axes of the original hyperbola. 

6. Find the locus of a point such that if from it a pair of 
tangents be drawn to an ellipse the product of the perpen-. 
diculars dropped from the foci upon the chord of contact will 
be constant. 
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CHAPTEE XII. 

THE HYPEBBOLA CONTINUED. 

Diameters. 

236. To find the length of a line drawn from any point in 
a given direction to meet an hyperbola. 

Let x\ y be the co-ordinates of the point from which thct 
line is drawn; a;, y the co-ordinates of the point to which the 
line is drawn ; 6 the inclination of the line to the axis of x ; 
r the length of the line ; then (Art. 27) 

a;==a;' + rcos^, y = y'4-rsin^ (1). 

If (aj, y) be on the hyperbola these values may be substi- 
tuted in the equation a^ — J V = — a^b^ ; thus 

a»(y' + rsin^*-J»(a?' + rcos^)* = -a%»; 

.-. r" (a* sin* 0-V cos' &) + 2r (a'y' sin 6 - JV cos 6) 

+ ay*-iV* + a'J* = (2). 

From this quadratic two values of r can be found which 
are the lengths of the two lines that can be drawn from (a?', y') 
in the given direction to the hyperbola, 

237. To find the dicLmeter of a given system of parallel 
chords in an hyperbola. (See definition in Art. 148.) 

Let be the inclination of the chords to the transverse axis 
of the hyperbola ; let x\ y be the co-ordinates of the middle 
point of any one of the chords ; the equation which deter- 
mines the lengths of the lines drawn from (a?', y') to the curve 
is (Art. 236) 

r'(a'sin'^-.6»co3"^+2r(af*ysin^-JVcos^) 

+ ay*-6»a?'« + aV = (1). 
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Since {x\ y') is the middle point of the chord, the values of 
r famished Idj this equation must be equal in magnitude and 
opposite in sign ; hence the coefficient of r must vanish ; thus 

aysintf-i*aj'costf = 0, or y=-5C0ttf .ar' (2). 

Considering x* and y* as variable this is the equation to a 
straight line passing through the origin, that is, through the 
centre of the hyperbola. 

Hence every diameter passes through the centre. 

Also every straight line passing through the centre is a 
diameter, that is, bisects some system of parallel chords. For 
by giving to ^ a suitable value the equation (2) may be made 
to represent any line passing through the centre. If ff be 
the inclination to the axis of x of the diameter which bisects 
all the chords inclined at an angle ^, we have from (2) 

tan^ = — ,cot^: 
.-. tan ^ tan 5'=-, (3). 

238. j^ one diameter bisect all chords parallel to a second 
diameter^ the second diameter will bisect all chords parallel 
to the first. 

Let 0^ and 0^ be the respective inclinations of the two 
diameters to the transverse axis of the hyperbola. Since the 
first bisects all the chords parallel to the second, we have 

tan 0^ tan ^i = -s . 

And this is also the only condition that must hold in order 
that the second may bisect the chords parallel to the first. 

The definition in Art. 191 holds for the hyperbola. 

239. Every straight line passing through the centre of an 
ellipse meets that ellipse ; this is evident from the figure, or 
it may be proved analytically. But in the case of an hyper- 
bpla this proposition is not true, as we proceed to shew. 
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240. To find the points of intersection of an hyperbola 
with a straight line passing through its centre. 

Let the equation to the straight line be 

Substitute this value of y in the equation to the hyperbola 

then we have for determining the abscissae of the points of 
intersection the equation 



.'. s?- 



b'-^aW 



Hence the values of x are impossible if aW is greater 
than b\ 

Thus a line drawn through the centre of an hyperbola will 
not meet the curve if it makes with the transverse axis on 

either side of it an angle greater than tan"*- . 

241. It is convenient for the sake of enunciating many 
properties of the hyperbola to introduce the following im- 
portant definition. 

Def. The conjugate hyperbola is an hyperbola having 
for its transverse and conjugate axes the conjugate and trans** 
verse axes of the original hyperbola respectively. 

242. To find the equation to the hyperbola conjtigate to a 
given hyperbola. 

Let AA'f BB be the transverse and conjugate axes respec- 
tively of the given hyperbola; then BB is the transverse 
axis of the conjugate hyperbola, and AA' is its conjugate 
axis. Let P be a point in the given hyperbola, Q a point in 
the conjugate hyperbola. Draw PJf, QN perpendicular to 
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CX, CY respectively. The equation to the given hyperbola 
is 



Hence 






since Q is a point on an hyperbola having CB, CA for its 
semi-transverse and semi-conjugate axes respectively. Thus 
if Xy y denote the co-ordinates of (?, 



aj« = 



?(?•-*•)• 



This, therefore, is the equation to the conjugate hyperbola ; 
we observe that it may be deduced from the equation to the 
given hyperbola by writing — o* for a* and — V for 5". 
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The foci of the conjugate hyperbola will be on the line 
BOB' at a distance from & - AB (Art. 216) ; that is, at the 
same distance from C &.& S and JST. 

243. Every straight line drawn through the centre of an 
hyperbola meets the hyperbola or the conjugate hyperbola^ except 
the two lines inclined to the transverse axis of the hyperbola 

7 1 ^ 

«f an anqie = tan - . 
^ a 

' Let the equation to the straight line be 

y = mx (1). 

To find the abscissae of the points of intersection of (1) 
with the given hyperbola, we have, as in Art. 240, the 
equation 

^-T^.. (2). 

b^' — aW ^ ' 

Similarly to find the points of intersection of (1) with the 
conjugate hyperbola, we have the equation 

^ aW-6- ': ^^^V 

}? 
If rn^ be less than -5 , (2) gives possible values, and (3) 

impossible values for x\ if m^ be greater than —^ , (2) gives 

a 

impossible values, and (3) possible values for x; if m' = -^ , 

a 

(2) and (3) make x infinite. Thus the two lines that can 

be drawn at an inclination tan""^ - to the transverse axis of 

a 

the given hyperbola meet neither curve ; and every other line 

meets one of the curves. 

244. Of two conJTigate diameters one meets the original 
hyperbola, and the other the conjugate hyperbola. 

Let the equations to the two diameters be 

y = ma:, y' = m'x; 
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then, by Art. 238, mrn = -s ; .*. •n*m'* = -, . 

Hence if mf is less than -5 , m" is greater than -^; thus 

the first diameter meets the original hyperbola, and the 
second the conjugate hyperbola. If nf is greater than 

-s, m'* is less than -ii thus the first diameter meets the 

conjugate hyperbola, and the second the original hyperbola, 

245. We proceed now to some properties connected with 
conjugate diameters. When we speak of the extremUtes of a 
diameter we mean the points where that diameter intersects 
the original hyperbola or the conjugate hyperbola. 

We may remark that the original hyperbola bears the 
same relation to the conjugate hyperbola as the conjugate 
hyperbola bears to the original hyperbola. Thus the defini- 
tion may be given as follows : two nyperbolas are called con- 
ju^te when each has for its transverse axis the conjugate 
axis of the other. 

Also if a line bisect all parallel chords terminated by one 
of the hyperbolas it bisects all the chords of the same system 
which are terminated by the other hyperbola. For the equa- 
tion (Art. 237) tan 6 tan ^ = -^ remains unchanged when we 

write — a' for c? and — i* for ft*, that is, when we pass from 
the original hyperbola to the conjugate (Art 242). 

Both curves are comprised in the equation 
(ay-iV)» = a*J*. 

246. The tangent at either extremity of any diameter is 
parallel to the cfwrds which that diameter bisects. See Art. 190. 

247. Given the co-ordinates of one extremity of a diameter, 
to find those of either extremity of the conjugate diameler. 

Let AC A, BOB be the axes of an hyperbola; PCP, 
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DGJy a pair of conjugate diameters. Let a?', y be the 
given co-ordinates of P\ then the equation to GP is 



y = |a,. 



(1). 



Since the conjugate diameter DD' is parallel to the tangent 
at P, the equation to DD' is 

5V 



" ay 



(2). 



We must combine (2) with the equation to the conjugate 
hyperbola to find the co-ordinates of D and U. Substitute 
from (2) in 

ay'-'b'a? = aV; then 

a y 
'• d'b^^ b^ ' 



T.C.S. 



14 
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/. from (2), y=±-^. 

In the figure the abscissa of D is positive, and that of U 
negative ; hence the upper sign applies to i>, and the lower 

toiy. 

248. The difference of the squares of two conjugate semi- 
diameters is constant. 

Let x\ y' be the co-ordinates of P; then, hj the preceding 
article, 

"■ 6« "^ a» 

Hence the difierence of the squares of two conjugate semi- 
diameters is equal to the difference of the squares of the semi- 
axes. 

249. The area of the parallelogram formed hy tangents at 
the ends of conjugate diameters is constant. 

Let PCF^ BCD' be the coniugate diameters (see Fig. to 
Art. 247). The area of the parallelogram formed by tangents 
at P, B, P, D, is 4(7P. CD ain PCD, or 4p. CD, where p 
denotes the perpendicular from C on the tangent at P. Let 
Xj y* be the co-ordinates of F\ then the equation to the 
tangent at P is 

JV V 



^'ay'^'y- 



Hence (Art. 47) 

J' 



'V(''^)""°''°'^'*'''' 
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And ..,=y(^V^>vfer±iV5, 

Hence the area of any parallelogram formed by tangents at 
the ends of conjugate diameters is equal to the area of the 
rectangle formed by tangents at the ends of the axes. 

250. Let a, V denote the lengths of two conjugate semi- 
diameters; a the angle between tliem; by the preceding 
article, 

o!V sin a = ah. 

By making P move along the hyperbola from A we can 
make CP or a as great as we please. Also since a'* — i" is 
constant, V increases with a. Thus sin a can be made as 
small as we please, that is, GP and GD can be brought as 
near to coincidence as we please. The limiting position 
towards which they tend is easily found ; for from Art. 237, 



mm = -2 : 
a 

thus the limit to which m and m! approach as GP and GD 
approach to coincidence is + - . 



251. From Art. 249 we have 

P^im^CW^^^F^' (Art. 248.) 

This gives a relation between^ the perpendicular from the 
centre on the tangent at any point P, and the distance GP of 
that point from the centre. 

Also if <^ denote the angle which the perpendicular makes 
with the transverse axis, we may shew as in Art. 196 that 

° y:=a*(l-6'sin'<^). 

14r— 2 
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252. To find the equation to the hyperbola referred to a 
pair of conjugate diameters as axes. 

Let CPf CD be two conjugate semidiameters (see Fig. to 
,Art, 247), take (7Pas the new axis of x, CD as that of y; 
let FCA = a, DCA=^fi. Let a?, y be the co-ordinates of 
any point of the hyperbola refeiTed to the original axes; 
x\ y the co-ordinates of the same point referred to the new 
axes ; then (Art. 84) 

x^oi cos a + y' cos)8, 
y = a?' sin a H-y' sin /8. 
Substitute these values in the equation 
a»y»-JV = -aW; 
then a* {oi sin a +y' sin /8)* - J* (x' cos a + y' cos /8)* = - a*J*, 
or i»'»(a*sin*a-J"cos'a)+y''(a*sin*/8-5«cos»/8) 
+ 2a? y' (a* sin a sin )8 - }? cos a cos )8) = — a'5". 

But since CP and CD are conjugate semidiameters, 

tanatan/9=-a; 
a 

hence the coefficient of oiy* vanishes, and the equation be- 
comes 

a;"(a»sin*a-i«cos'a)+y"(a'sin'/8-J'cos'/3} = -aV. 

Li this equation suppose y'= 0, then 

o" sin' a — 6* cos' a i* cos' a — a' sin' a ' 

This is the value of GP' which we shall denote by a". If 
we put »' = in the above equation, we obtain 

^ — a J' 

2' "a'ain'/S-ft'cos'/S* 
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Now since we have supposed that the new axis of x meets 
the curve, we know that the new axis of y will not meet the 
curve (Art. 244), so that 



a*sin*)9~J"cos»/8 

is not a positive quantity ; we shall denote it by — J". Hence 
the equation to the hyperbola referred to conjugate dia- 
meters is 

a" J" ~ ^' 
or, suppressing the accents on the yariables, 

^-1 = 1 

Also the equation to the conjugate hyperbola referred to 
the same axes is 

a'' r" 

The equation to the tangent to the hyperbola will be of the 
same form whether the axes be rectangular or the oblique 
system formed by a pair of conjugate diameters. (See Art. 
200.) 

253. Tangents at the extremities of any chord of an hyper-- 
hola meet in the diameter which bisects that chord. (See Art. 
201.) . 

254. ^a chord and diameter of an hyperbola are parallel, 
the supplemental chord is parallel to the conjugate diameter, 
(See Arts. 202, 203.) 

Asymptotes. 

255. The properties of the hyperbola hitherto given have 
been similar to those of the ellipse ; we have now to consider 
some properties peculiar to the hyperbola. 
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Let the equation to the hyperbola be 



V 



y = -,{??-a'), 



and let CL be the line which has for its equation 



hx 



Let MPQ be an ordinate meeting the hyperbola in P and 
the straight line GL in Q\ then if uif be denoted by a?, 

1£ then the line MPQ be supposed to move parallel to itself 
from A, the distance PQ continually diminishes, and by taking 
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GM large enough we may make PQ as small as we please. 
The line CL is called an asymptote of the curve. 

Similarly the line CL\ which has for its equation 



is an asymptote. 

Thus the equation 



hx 



or b* 



includes "both asymptotes. We may take the following de- 
finition. 

Def. An asymptote is a straight line the distance of 
which from a point of a curve diminishes without limit as. 
the point ih the curve moves to an infinite distance firom 
the origin. 

The distance of P from CL is PQ^mPQC] and as we 
have seen that PQ diminishes without limit as P moves away 
from the origin, CL is an asymptote according to the definition 
here given. 

256. In the same manner we may shew that CL is an 
asymptote to the conjugate hyperbola. For let MP be pro- 
duced to meet the conjugate hyperbola in P\ then (Art. 242) 

P'M^^^^/{a?•\^a^)l 
... P'Q^-{^J{a? + a')^x]^ ,. .l"",.^ . 

Hence as CM" is increased indefinitely P'Q is diminished 
indefinitely ; therefore CL ia an asymptote to the conjugate 
hyperbola. 

257. The equation to the tangent to the hyperbola at the 
point {x\ y') is 
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(fyxf — Vxx' = — O V, 
h*x'x h* 

" a*y y 

_J x'x h* 

-aV(a'"-a') y' 
hx V 

If x' and y are increased indefinitely the limiting form to 
which the above equation approaches is 

bx 
^ a 

Thus the tangent to the hyperbola approaches continually 
to coincidence with an asymptote when the point of contact 
moves away indefinitely from the origin. 

258. It appears from Art. 243 that every straight line 
drawn through the centre of an hyperbola must meet the 
hyperbola or its conjugate, unless its airection coincides with 
that of one of the asymptotes. And from Art. 250 it appears 
that as conjugate diameters increase indefinitely they approach 
to coincidence with one of the asymptotes. 

259. The line joining the ends of conjugate diameters is 
parallel to one asymptote and bisected by the other. 

Let x\j/ be the co-ordinates of any point P on the hyper- 
bola (see Fig. to Art. 247) ; then the co-ordinates of D the 
extremity of the conjugate diameter are (Art. 247) 

ay , bx' 

-T- and — . 

b a 

Hence the equation to BF is 

bx' 
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that Is, y — y'^i {x — x')', 

and therefore DP is parallel to the asymptote 

hx 

Also the co-ordinates of the middle point of DP are 
(Art. 10) 



W*f)'^W^^' 



. , , . ay -\-bx ^ ay -\-hx 
that IS, -^i — and -^-r . 

These co-ordinates satisfy the equation 

bx 

therefore the asymptote y = — bisects PD. 

Since the diagonals of a parallelogram bisect each other, 
and PD is one diagonal of the parallelogram of which GP 
and CD are adjacent sides, the other diagonal coincides with 
the asymptote, that is, the tangents at P and D meet on the 
asymptote. 

260. The equation to the hyperbola referred to conjugate 
diameters as axes is 






,(1). 



Hence the equations to the asymptotes referred to these 
axes are 

h'x Vx f^. 



a "^ a 
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For we may shew as in Art. 243 that the lines denoted by 
(2) are the only lines through the centre which meet neither 
(1) nor its conjugate. Hence these lines are the asymptotes 
by Art. 258. 

Or the same conclusion may be obtained thus; the original 
equation to the hyperbola is 

and that to the two asymptotes 

S 72 — V. 

a 

If by substituting for x and v their values in terms of the 
new co-ordinates x' and y\ and suppressing accents on the 
variables, the former equation is reduced to 

o"* 6"" ' 
the latter must become, by the same substitution, 

261. To find the equation to the hyperbola referred to the 
asymptotes as axes. 

Let CX, OF be the original axes; CX\ CY' the new 
axes, so that CX' and GY' are inclined to GX on opposite 

sides of it at an angle a such that tan a = - . Let a?, y be 

a 

the co-ordinates of a point P referred to the old axes ; x\ y* 

the co-ordinates of the same point referred to the new axes. 

Draw PM' parallel to GY\ and Pif and Jlf'JV'each parallel 

to GY. Then 

x^GM^GN'\-NM 

= («' + yO cos a. 
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So 



y = PM= [jf — a?') sin a. 



Also cos a = ,f a . ,a\ > sin a = ,. , . ,8. ; substitute these 
values in the equation 

then a^V (y' - a?')' - a'&» (y' + a?')'^ a%^ (a" + S'), 



or 



, , a" + J" 



or, suppressing the accents, 

The equation to the conjugate hyperbola referred to the 
same axes is (Art. 242) 



a?y = -- 



aHJ* 



220 EQUATION TO THE TAKOENT. 

262. To find the equation to the tangent at any point of an 
hyperbola when the curve is referred to its asymptotes as axes. 

Let X, y' be the co-ordinates of the point ; 

x", y" the co-ordinates of an adjacent point on the curve. 
The equation to the secant through these points is 

^-y'=fc^(*-*') (^^- 

Since {x\ y') and (a?", y") are points on the hyperbola 

«>'=*(«"+*•), 

Hence (1) may be -written 

• x" ^ 

y-y'= a.''_a,' («-'"'). 

or y-y = -;^(aJ-a;'). 

X 

Now in the limit a;" =a;'; hence the equation to the tan- 
gent at the point (a;', y') is 

y-y=-|!(^-«^') (2). 

This equation may be simplified; multiply by a?', thus 
yx +ay' = 2ajy = — ^— . 

263. To find where the tangent at (a?', y') meets the axis 
of X put y = in the equation 

,_, r a' + i' 
yaj+a?y =— g— ; 

thus a;=^-— ^ = -^ = 2a?'. 

2y y 



POLAR EQUATION TO THE HYPERBOLA. 221 

Similarly to find where the tangent cuts the axis oiy put 
a? = in the equation ; thus 

2^=-2^ = -/ = ^y- 

Thus the product of the intercepts = Ax'y' = a* + 5*. The 
area of the triangle contained between the tangent at any 
point and the asymptotes is equal to the product of the 
intercepts into half the sine of the included angle 

= i (a* + V) sin 2a = {cf + V) sin a cos a = aJ, 

and is therefore constant. 

Since the tangent at {x\ y') cuts off intercepts 2x\ 2y\ from 
the axes of x and y respectively, the portion of the tangent at 
any point intercepted between the asymptotes is bisected at 
the point of contact. 



Polar Equation. 

264. To find the polar equation to the hyperbola, the 
focus being the pole. 

Let HP^r, AHP=0; (see Fig. to Art. 209) ; 

then -HP= ePN, by definition ; 

that is, HP^e{OH+HM); 

or r = a (e*- 1) + er cos (tt-^, (Art. 212) ; 

.•. r (1 + e cos 5) = a (e* — 1), 

. a(e'-l) ... 

and r=^-—-^ -^ (Ij- 

1+6C0S^ ^ ^ 

If we denote the angle XHP by 5, then we have as before 
SP^e{OH+HM); 
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thus r«a(6P — 1) +er cos^, 

and 



1 — e cos d 



(2). 



We may also proceed thus; in the figure to Art. 218 
suppose 8P=^r and P8H^ : 



then 
that is, 
or 

and 



8P^ePN\ 
SP^e{8M-8E'); 

r^er cos5 — a(e' — 1) ; 
/. r(ecos5-l)=a(e"-l), 



6 cos tf — 1 



(3). 



265. It will be a good exercise to trace the form of the 
hyperbola from any of these polar equations. Take for ex- 
ample the equation (1) ; suppose 5 = 0, then r = a (e — 1) ; 
we must therefore measure off the length a{e — l) on the 
initial line from the pole H^ and thus obtain the point A as 
one of the points of the curve. 
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As increases from to — we see from (1) that r increases ; 

cos is negative when is greater than — and r continues to 

increase. Let a be such an angle that 1 + 6 cos a = 0, that is, 

cos a = — , then the nearer approaches to a the greater r 

becomes, and by taking near enough to a, we may make r 
as great as we please. Thus as increases irom to a that 
portion of the curve is traced out which begins at A and 
passes on through P to an indefinite distance from the origin. 

When is gresfter than a, r is negative, and is at first in- 
definitely great and diminishes as increases from a to tt. 
Since r is negative we measure it in the direction opposite to 
that we should use if it were positive. Thus as mcreases 
from a to TT that portion of the curve is traced out which 
begins at an indefinite distance from C in the lower left-hand 
quadrant, and passes on through Q to A\ HA' is found by 
putting ^ = TT in (1) ; then r becomes — a (e + 1), therefore 
HA' is in length = a (e + 1). 

As increases from tt to 27r — a, r continues negative and 
numerically increases, and may be made as great as we please 
by taking sufficiently near to 27r — a. Thus the branch of 
the curve is traced out which begins at A' and passes on 
through Q to an indefinite distance. 

As increases from 27r — a to 27r, r is a^ain positive, and 
is at first indefinitely great and then diminishes. Thus the 
portion of the curve is traced out which begins at an indefi- 
nitely great distance from (7 in the lower right-hand quadrant 
and passes on through P* to -4. 

The asymptotes GL and GL are inclined to the transverse 
axis at an angle of which the tangent is - ; hence cos LCA 

7jr = -, and coa LGA'= ; that is, LGA'^a. 



Thus as approaches the value a the radius vector approaches 
to a position parallel to GL. Similarly as approaches the 
value 27r — a the radius vector approaches to a position parallel 
to GL\ 
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266. As in Art. 205 it may be shewn that the polar 
equation to a chord subtending at the focus an angle 2)8 is 

I 



r = 



eGo&6-\- sec fi cos (a — 0) ' 



a — ^ and a + ^ being respectively the vectorial angles of the 
lines which join the focus to the ends of the chord, and I the 
semi-latus rectum. 

Hence the polar equation to the tangent is 

I 



r = 



e cos tf + cos (a ■ 



267. The polar equation to the hyperbola, the centre 
being the pole, is (Art. 206) 

r' (a« sin' 0-b^ cos' 5) = - (^h\ 

Arts. 207, 208 are applicable to the Hyperbola. 

Unilateral or Rectangular Hyperhola. 

268. If in the equation to the ellipse c?y^-\-Va? = a^V^ 
we suppose J = a, we obtain a^ + y' = a*, which is the equation 
to a circle ; so that the circle may be considered a particular 
case of the ellipse. If in the equation to the hyperbola 
aV — Va? = — a'i' we suppose 5 = a, we have y'* — a;' = — a*. 
We thus obtain an hyperbola which is called the equilateral 
hyperbola from the equality of the axes. Since the angle 

between the asymptotes, which = 2 tan"* - , becomes a right 

angle when J = a, the eqtiilateral hyperbola is also called the 
rectangular hyperbola. 

The peculiar properties of the rectangular hyperbola can 
be deduced from those of the ordinary hyperbola by making 
b = a. 

Thus since V=a' (e*— 1) we have e' — 1 = 1, .-. e = \/2. 

The equation to the tangent is (Art. 220) 

yy' — aja?' = — a*. 
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From Art. 227 PQ = PO' = ^J{rr'). 
The equation to the conjugate hyperbola is, by Art. 242, 

Thus the conjugate hyperbola is the same curve as the 
:h dif 



original hyperbola, though differently situated, 

By Art. 248, CP= CD, and therefore by 1 
and CD are equally inclined to the asymptotes. 



EXAMPLES. 

1. The radius of a circle which touches an hyperbola and 
its asymptotes is equal to that part of the latus rectum which 
is intercepted between the curve and asymptote. 

2. A line drawn through one of the vertices of an hyper- 
bola and terminated by two lines drawn through the other 
vertex parallel to the asymptotes will be bisected at the other 
point where it cuts the hyperbola. 

3. If a straight line be drawn from the focus of an hyper- 
bola the part intercepted between the curve and the asymptote 

= -; ; — -p. , where d and a are the andes made respectively 

sma + smtf' ° ^ -^ 

by the straight line and asymptote with the axis. 

4. PQ is one of a series of chords inclined at a constant 
angle to the diameter AB of a circle, find the locus of the 
point of intersection of AP and BQ. 

5. P is a point in a branch of an hyperbola, P' is a point 
in a branch of its conjugate, (7P, CP\ being conjugate semi- 
diameters. If 8, 8' be the interior foci of the two branches, 

Jjrove that the difference of 8P and 8'P' is equal to the dif- 
erence oiAG and BG. 

6. If X, y be co-ordinates of any point of an hyperbola, 
shew that we may assume a? = a sec &, y = & tan 5. 

T. c. S. 15 
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7. A line is drawn parallel to the axis of y meeting the 

hyperbola -, - C = 1, and its conjugate, in points P, Q ; shew 

that the normals at P and Q intersect each other on the axis 
of X. Shew abo that the tangents at P and Q intersect on 
the curve whose equation is y*(ay — &V) ^^Ab^a^, 

8. Tangents to an hyperbola are drawn from any point in 
one of the branches of the conjugate ; shew that the chord of 
contact will touch the other branch of the conjugate. 

Find the equation to the radii from the centre to the points 
of contact of the two tangents, and if these radii are perpen- 
dicular to one another, shew that the co-ordinates of the point 
from which the tangents are drawn are 

9. Two tangents to a parabola include an angle a ; shew 
that the locus of their point of intersection is an hyperbola 
with the same focus and directrix. 

10. Under what limitation is the proposition in Example 
30 of Chapter x. true for the hyperbola? 

11. The ratio of the sines of the angles made by a diameter 
of an hyperbola with the asymptotes is equal to the ratio of 
the sines of the angles made by the conjugate diameter. 

12. With two conjugate diameters of an ellipse as asymp- 
totes a pair of conjugate hyperbolas is constructed ; prove that 
if one hyperbola touch the ellipse the other will do so like- 
wise ; prove also that the diameters drawn through the points 
of contact are conjugate to each other. 
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CHAPTER XIII. 

GENERAL EQUATION OF THE SECOND DEGREE. 

269. We shall now shew that every locus represented 
by an equation of the second degree is one of those which 
we have already discussed, that is, is one of the following ; 
a point, a straight line, two straight lines, a circle, a parabola, 
an ellipse, or an hyperbola. 

The general equation of the second degree may be written 

we shall suppose the axes rectangular; if the axes were 
oblique we might transform the equation to one referred to 
rectangular axes, and as such a transformation cannot affect 
the degree of the equation (Art. 87), the transformed equation 
wiU still be of the form given above. 

If the curve passes through the origin /= ; if the curve 
does not pass through the origin / is not = 0, we may there- 
fore divide by /and thus the equation will take the form 

a!a? + b'xi/ + cy + d'x + ey + 1 = 0. 

270. We shall first investigate the possibility of removing 
from the equation the terms involving the ^rst power of the 
variables. 

Transfer the origin of co-ordinates to the point (A, Je) by 

and substituting these values of x and y in the equation 

aa;' + Ja?5r4-c^ + ^ + «y+/=0 (1); 

15—2 
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thus we obtain 

aaj'* + ia;y + cy'' + (2aA + JA + rf)aj'+(2cA: + &A + 6)y 

+/ = (2), 

where /' = aV'\-lhh -{-cJi^ + dh + ek +f. (3). 

Now, if possible, let such values be assigned to h and k as 
will make the coefficients of x' and y' vanish ; that is, let 

2ah + lk + d = 0, and 2ch + lh + e-0; 

. , 2cd—le J 2ae — Jd 

thus ^ — T« — 1 — 9 a;«-ts — - — . 

It will therefore be possible to assign suitable values to A 
and A, provided V — 4ac he not = 0. 

We shall see that the loci represented by the general equa- 
tion of the second degree may oe separated into two classes, 
those which have a centrey and those which in general have 
not a centre, and that in the former case V — 4ac is not zero, 
and in the latter case it is zero. We shall first consider the 
case in which V — 4ac is not zero, and consequently the values 
found above for h and h are finite. 

■ Equation (2) thus becomes 

aaj" + &ajy + cy"+/ = (4). 

Now if (4) is satisfied by any values a?^, y^ of the variables, 
it is also satisfied by the values — a?j, — v^. Hence the new 
origin of co-ordinates is the centre of the locus represented 
by(l). 

Thus if 5' — 4ac be not =0, the locus represented by (1) 
has a centre^ and its co-ordinates are K and k^ the values of 
which are given above. 

The value of y may be found by substituting the values of 
A and ft in (3) ; the process may be facilitated thus ; we have 

2aA + Sft + rf = 0, 
2cft + JA + e = 0. 
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Multiply the first of these equations hj h, and the second 
by A?, and add ; thus 

2aA'+ 2cJ(?+2bkh + dh + e£ = 0, 

or 2/-(?A-e*-2/=0; 

dh + ek 



'''f-f+ 



2 

cc? + a6* — bed 



We shall retain/' for shortness. 

271. We may suppress the accents on the variahles in 
equation (4) of the preceding article and write it 

aa? + bxt/ + ci/^+f'=^0 (5). 

This equation we shall further simplify by changing the 
directions of the axes. (Art. 81.) 

Put a? = aj'cos5 — y sin5, 

y = a;' sin 5 + y' cos 5, 

and substitute in (5) ; thus 

x'^ (a cos" 5 + c sin* 5 + J sin cos 6) 

+ y" (a sin" + c cos" 5 - J sin 5 cos 0) 

+ xy {2 (c - a) sin OcosO + b (cos" - sin" 5)} +/' = 0...(6). 

Equate the coefficient of a? y' to zero ; thus 

2 (c - a) sin 5 cos 5 + i (cos" - sin" 5) = 0, 

or (c-o)sin25 + &cos25 = 0; 

.-. tan25 = -^ (7). 

Since can always be found so as to satisfy (7), the term 
involving x'y' can be removed from (6), and tne equation 
becomes 
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a;'* (a cos*^ + c sin*^ + h sin 6 coa 0) 

+ y''(asiii'^ + cco8*^-5siii^cos5)4-/'=0, 

or ^aj'^ + ^y^+Z'^O (8), 

where ^ = J{a + c + (a - c) cos 25 + i sin 20], 
JB= J{a + c - (a - c) cos 25 - J sin 25}. 

Since tan 25 == , 



cos25= ''"'' 



and sin 25 =: 






V{J»+(a-c)«}- 
Hence -4 = J[a + c + V{i*+(a-c)'}], * 

We may suppress the accents on the variables in (8) and 
write it 

(1) If -4, -B, and /' have the same sign, the locus is im- 
possible. 

(2) K -4 and B have the same sign and/' have the con- 
trary sign, the locus is an ellipse of which the semi-axes are 
respectively 

^/{-A)' ^^ ^J{-B)' (^^-i^^-) 

The locus is of course a circle if -4 == JB. 

(3) If A and B have different signs, the locus is an 
hyperbola. (Art. 211.) 

We have supposed in these three cases that/' is not = ; 
if/' = 0, and A and B have the same sign the locus is the 
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origin; if/'=0, and A and B have different signs the loeua 
consists of two straight lines represented by 

y=±\/(-5)'^- 

From the values of A and B we see that 
JLac-V 



Hence A and B have the same sign or different signs 
according as i* — 4ac is negative or positive. 

272. Hence we have the following summary of the results 
of the preceding articles of this chapter. The equation 

ax* + bxy -\- cf/^ + dx + ey +/= 

represents an ellipse if J* ■- 4ac be negattvej subject to three 
exceptions in which it represents respectively a circle, a point, 
and an impossible locus. If V — 4ac be posittvey the equation 
represents an hyperbola subject to one exception when it 
represents two intersecting straight lines. 

273. We may notice that the equation in Art. 271, 

h 



tan 20 = - 



a — c 



has an infinite number of solutions ; for if 2a be one value of 
2ff which satisfies the equation, then if 2^ = 2a + mr, where n 
is any integer, the equation will be satisfied. But these dif- 
ferent solutions will all give the same position for the axes. 

For the values of are comprised in the expression a +-77- , 

and by ascribing different values to n we obtain a series of angles 

each differing from a by a multiple of — , and the only changes 

that will arise from selecting different values of n are that the 
axis of X in one case may occupy the position of the axis of j 
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in another and vice versd, or the positive and negative direc- 
tions of the axes maj be interchanged. 

The radical in the value of cos 20 and of sin 20 in Art. 271 
may have either sign ; but the sign must be the same in both 

in order that the relation tan 2d = may hold. 

274. It appears from the former part of Art. 271, that by 
turning the axes through an angle the equation 

becomes ax*^ -h i Vy' + cy^ +f = 0, 

where a' = ^ {a + o + (a — c) cos 2d + J sin 20], 

b'={c'- a) sin 2d -f J cos 2d, 
c' = i[a + - (a - c) cos 2d- J sin 2dj. 
Hence a+c'=^a + c; and 

i'* - 4aV ^{{€--0) sin 2d + i cos 2d}* 

-(a + c)"+{(a-c)cos2d + &sin2d}» 
= (a-c)' + J'-(a + c)* 
= J*-4ac. 

Thus the expression h' — 4ac has the same value whether it 
be formed from the coefficients of the general equation of the 
second degree before or afier the axes have been shifted. 

The same remark applies to the expression a + c. 

Hence we conclude that if the curve represented by the 
general equation 

ew3* + hosy + cy^ + dx+ey +/= 

be a rectangular hyperbola, a + c = ; for if the curve were 
referred to its transverse and conjugate diameters as axes this 
relation would hold, and therefore, as we have just seen, it 
must always hold whatever be the axes. 

275. We have next to consider the case in which 

J«-4ac = 0. 
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We cannot now as in Art. 270 remove the terms involving 
the first power of the variables from the general equation, 
but we can still simplify the equation as in Art. 271, by 
changing the direction of the axes. 

Let the equation be 

aic" + Jicy + cy' + c^ + ej^+/=0 (1); 

put x^Qi! COS Q—y sin ^, 

y = a?' sin -k-y' cos 0^ 
then (1) becomes 

a?'" (a cos' ^+ c sin* ^ + J sin (? cos ff) 

+ y'* (a sin' Q-\-c cos' ^ — J sin ^ cos ff) 

+ ody' {2 (c - a) sin ^ cos ^ + S (cos' 6 - sin' &)] 

+ oi (rfcos ^ + e sin ^ +y' (ecos G - rfsin G) +/= (2). 

Now let tan2^=— ^, 

a — c 

then the coeflScient of a;'y' in (2) vanishes, and as in Art. 271 
the coeflScients of a?" and y'' are 

i[a + c±V{(a-c)' + 5'l]. 

One of these coefficients must therefore vanish since their 

4ac — i' . 
product is — - — , which, by hypothesis, =0; suppose the 

coefficient of a;" = 0, thus, by suppressing accents on the 
variables, (2) may be written 

(7/ + i?a?+-E^+/=0 (3). 

If D be not = 0, this may be written 

and thus the locus is a parabola. (Art. 125.) 
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If 2> = 0, then (3) represents two parallel straight lines, or 
one straight line, or an impossible locus, according as £' is 
greater, equal to, or less than ^Gf. 

Hence if J* — 4ac = the equation 

03^+ hocy + cy* + da? + 6y +/= 

represents a parabola subject to three exceptions, in which it 
represents respectively two parallel straight lines, one straight 
line, and an impossible locus. 

By combining this result with those enumerated in Art. 
272, we have a complete account of the general equation of 
the second degree. 

276. We have shewn in Art. 270, that when J*— 4ac is 
not = 0, the general equation of the second degree represents 
a central curve ; we shall now prove that when V — Aac = 
the curve has not a centre except when the locus consists of 
two parallel straight lines. 

If a curve of the second degree have the origin of co-ordinates 
for its centre^ no term involving the first power of either of the 
variables alone can exi^t in the equation. 

For if possible suppose that the origin of co-ordinates is 
the centre of the curve 

aa? + bxi/-\-qf'\'dx'\'et/+f=0 (1), 

and let x^,y^ be the co-ordinates of a point on the curve, and 
therefore — x^. — y^ co-ordinates of another point on the curve ; 
substitute successively in (1), then 

ax^ + K^i + <yi + ^1 + ^Vi +/= 0, 
ax^+lx^y^ + cy^-dx^ - eij^ +/=0 ; 
therefore, by subtraction, 

2 (iir, +ey,) =0 (2). 

Now unless d and e both vanish, (2) can only be true when 
(a?j,yj lies on the line 

£& + ey = 0. 

But the centre of a curve is a point which bisects every 
chord passing through it; hence the origin of co-ordinates 
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cannot be the centre of the curve (1) unless both d and e 
vanish. 

277. Suppose then that we have an equation 

aa? + % + c/ + £ii? + €y+/=:0 (1), 

in which V — 4ac = 0. Here a and c cannot both be zero, for 
then J would also be zero, and (I) would not be an equation 
of the second degree ; we shall suppose that a is not zero. 
Now if the curve denoted by (1) had a centre, and we took 
that centre as the origin of co-ordinates, the terms involving 
the first power of x and y would vanish by Art. 276. But from 
Arts. 270 and 274 it follows that when J'^ — 4ac =0, we cannot 
in general make these terms vanish by changing the origin or 
the axes. The cmly exception that can arise is when the nume- 
rators in the values of A and A in Art. 270 vanish, so that 
the values of A and h become indeterminate, and the two 
equations for determining them reduce to one; see Algelra, 

Chapter xv. We have then 2ae — Jrf = 0, so that e= — . 

Hence, by substituting for c and e, the equation (1) becomes 

. , 5V -. hd M 
aoi?-\-lxy + 4^+ ^ + 2a^ '^^'^ ^' 

that is, a [x + |)Vrf (. + I) +/=0 (2). 

Equation (2) will furnish two values of a? + -^ , so that if 

aCL 

these values are possible the locus consists of two parallel 
straight lines. In this case any point on the line which is 
parallel to these two and midway between them will be 
a centre. 

Thus the result enunciated in the beginning of Art. 276 
is proved. 

278. We may observe that relations similar to those 
obtained in Art. 274 hold when the axes of co-ordinates are 
oblique. For suppose the equation 
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to be referred to rectangular axes, and let the axes be trans^ 
formed into an oblique system inclined at an angle © ; sup- 
pose moreover that the new axis of x coincides with the old 
axis of X. We have then to put (Art. 84) 

ajr=raj'-|-y' coso), y sy'sino); 

substitute these values in the above equation and it becomes 

a'ajViVy + cy+/=0, 

where a* = a, 

b' = 2a cos G) + 5 sin a>, 

c'=:a cos* 6) + J sin a> cos 6) + c sin' o) ; 

thus b'* - 4a'c' = (i* - 4ac) sin» q>, 

and a' +c' — V cos to^{a'\-^ sin'o) ; 

. ^ y'-4aV ,, . 

so that — 5-5 = 6' — 4ac, 

sm' a> 

a' + c' — y cos a> 

and r-5 = a + c. 

sm'fi) 

Therefore, by means of Art. 274, we conclude that for any 
system of axes, rectangular or oblique, the expressions 

i" - 4a'c' , d-^-c -V cos © 

— :— a and r— « 

sm' 0) sm* a> 

remain unchanged when the axes are changed. 

See Salmon's Conic Sections^ 3rd Edition, pages 142, 143. 

279. We shall now shew how to trace a curve of the 
second degree from its equation without transformation of 
co-ordinates; the axes may be supposed oblique or rect- 
angidar. 

Let the equation be 

aQ(? + bxy + cy* + dx + etf+f=0 (1). 
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Solve the equation with respect to y ; thus 



2c ~ 2c 
'=-^^±^{{^-iac)a?+2ibe-2cd)x + (?-icf}K..{2) 

^ax+fi± ^^^ {a? + 2px + q)^\ (3), 

where a = --, ^ = -f,> 

be- 2cd e'-4cf 

I. Suppose J' — 4ac negative, and write ■- fi for — j-^ — ; 

thus (3) becomes 

y = ax+fi±{-fi{ai' + 2px + q)}^ (4). 

Now aj* + 2px + J = (a? +^)* + q —jfl 

if then q—p^ be positive, the quantity under the radical is 
negative and the locus impossible; 

if J— ^* = 0, the locus is the point determined hy 

iiq—p^ be negative, we may put 

= (a? — 7) (a? — S) suppose ; 

and thus (4) may be written 

y = aa? + i8±{-/i(aj-7)(aj-S)}4 (5). 

Since (a?— 7) (a?— S) is positive, except when x lies between 
7 and S, the values of y in (5) are real only so lonff as x lies 
between 7 and S. Moreover y is always finite, and thus the 
curve represented by (5) is limited in every direction. 
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TEACING AN ELLIPSE. 



Since we know from our previous investigations that (5) 
must represent one of the curves enumerated in Art. 269, it 
follows that it must represent an ellipse. 

From the form of equation (5) we see that the chords 
parallel to the axis of y are bisected by the line 



y = ax + fi. 



(6). 



For let there be two points on the curve (5) having the 
common abscissa x^, and the ordinates y', y", respectively; and 
let yj be the corresponding ordinate of (6), 



then 



Thus 



yj = aa?,+^, 

y' = aa!, + ^ + {-/i(a;,-7)(a?,-S)]*, 



and therefore the point {x^,y^ lies midway between the points 
(a., 2/) and(a;„y"). 
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In tlie figure BCD* represents the line y=^ax + fi; the 
abscissae of Z>' and D are 7 and 8 respectively; supposing 
S greater than 7. The centre G is midway between 1/ and 
D; its abscissa is therefore i(7 + S), The equation to the 
curve will give the ordinates of 2)', J), G\ G, Since GG' ia 
parallel to the chords which D'D bisects, D-D' and GG' are 
conjugate diameters. GG' is a known quantity since the 
ordinates of G and ff are known. DD is also a known 
quantity since the abscissae and ordinates of D and i?' are 
known. The angle between GG' and Diy is known from 
the equation to DIX; the axes of the ellipse may therefore be 
found (Arts. 193, 195). 

II. Suppose b'''4:ac positive; put fi for — —^ — ; thus 

equation (3) becomes 

!/-=ax + l3 ± {fJL {x' + 2px + q)}^ (7). 

Now x^ + 2px + q={x +jp)* + q — i>* ; 

if then q—p^ be positive, the quantity under the radical is 
always positive, whatever positive or negative value be as- 
signed to x. The curve therefore extends to infinity. Also 
it may be shewn as before, that the line 

is a diameter of the curve; but it never meets the curve, be- 
cause the quantity a^ + 2px + q or (x+p)' + q — jp" cannot 
vanish. Hence the curve consists of two unconnected branches 
extending to infinity, and is therefore an hyperbola. 

If J —2^' = 0, (7) becomes 

tf=^ax + fi±»/fi{x+p). 

The locus now consists of two intersecting lines. 

If q — p* be negative we may as before write (7) in the 
form 

y=^oix + fi±{fi{x-y){x-S)]K 

Hence x may have any value, positive or negative, except 
those between 7 and S; hence the curve consists of two 
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unconnected branches extending to infinity, and is therefore an 
hyperbola. 

We shall be assisted in drawing an example of this case 
by ascertaining the position of the asymptotes. 

The equation to the curve is 

y^ax + l3±{fi{af + 2px+q)]^; 

Expand by the Binomial Theorem ; thus 

= ax + l3±»/fi {x+p) + &c. 

The terms included in the &c. involve negative powers of 
aj, and may therefore be made as small as we please by suf- 
ficiently increasing x ; hence firom the nature of an asymptote 
the required equations to the asymptotes are 

y=^ax + ^ + »Jfi{x+p), 

and y^ax + fi — ti/fiix+p). 

Hence we can draw the asymptotes, and therefore the axes, 
for they bisect the angles between the asymptotes. The 
intersection of the asymptotes is the centre, and thus the 
situation and form of the hyperbola are known. 

The expression 

S~P- {b'-iac}' ' 

this vanishes when 

(e* - icf) (6' - 4ac) - {he - 2cd)' = 0, 

and therefore when 

(6' - 4ac) /+ a^ + c<Z» - Jerf = ; 

BO that if this relation holds the locus represented by (1) 
consists of two intersecting straight lines. 
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We have hitherto supposed that c is not zero, and as 
J' — 4ac cannot be negative if c be zero, it was not necessary 
to advert to the possibility of c being zero while considering 
the first case. But as c may be zero consistently with J*— 4ac 
being j[K)8ttive, we must now examine the consequences of 
supposmg c zero. 

The equation (1) may be solved with respect to x instead 
of with respect to y. Hence it will be found on investigation 
that the results hitherto obtained, when J* — 4ao is positive, 
are certainly true provided that a and c are not both zero ; the 
latter case requires farther examination. Suppose then a = 
and c = ; thus (1) becomes 

Sxy + rfa? + 6y+/=0; 

by changing the origin this can be put in the form 

where /' = -^-r — ; 

the curve is therefore an hyperbola with the new axes for its 
asymptotes, except when bf—de = Oj and then it becomes 
two intersecting straight lines. When a = and c = 0, the 
expression 

(J» - 4ac)/+ «e* + ce? - Jerf 

reduces to b {bf— de) ; thus we conclude that when V — 4ac 
is positive the equation (1) always represents an hyperbola, 
except when 

(J'* - 4ac)/+ ae^ + cd^ - bed = 0, 

and then it represents two intersecting straight lines. 
ni. Suppose V — 4ac = 0, then (2) becomes 

which may be written 

T, c. S. 16 
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where 

p' = 2 {he - 2cd), j = «' - 4c/: 

If I?' be positive, the expression under the radical is posi- 
tive or negative, according as a; is algebraically greater or less 

than — ^ ; if p' be negative, the statement must be reversed. 

In both cases the curve extends to infinity in one direction 
only and is therefore ei parabola. 

The line y = aaj+)8 is a diameter, bisecting all ordinates 
parallel to the axis of y, and meeting the parabola at the 

point for which a: = — 2.^ . 

If y = 0, the equation becomes 

this equation represents two parallel straight lines if j' is 
positive, and one straight line if g' = ; if j' is negative, the 
locus is impossible. 

We have hitherto supposed in considering the third case 
that c is not zero ; if c = 0, then J = 0, since J* — 4ac = ; 
hence a and c cannot both be zero, for the equation (1) is 
supposed to be of the second degree. As before, we may 
solve equation (1) with respect to aj, and thus determine the 
peculiarities which occur when c = 0. We have found for 
example when c is not zero, that the locus will consist of 
two parallel straight lines, when 



Je — 2ci=0, and e*— 4cf'is positive; 

nner, if a be not zero, we can shew tha 
t of two parallel straight lines when 

hd — 2ae =3 0, and <P — iaf is positive. 



in like manner, if a be not zero, we can shew that the locus 
will consist of two parallel straight lines when 
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By means of the relation J' — 4ac = 0, it is easily shewn that 
the second form of the conditions coincides with the first 
when a and c are both different from zero. When a = the 
first is the necessary form of the conditions, but we see that 
the second form will then also hold. When c = the second 
is the necessary form, though the first will then also hold. 
Hence we shall include every case by stating that loth forms 
of the conditions must hold. 

Similarly the conditions under which the locus will con- 
sist of one straight line, or will be impossible, may be in- 
vestigated. 

280. We will recapitulate the results of the present 
chapter with respect to the locus of the equation 

aa? + Ixy + ci/^ + dx + et/ +f= 0. 

I. If h^ — 4ac be negative, the locus is an ellipse admitting 
of the following varieties : 

(1) c.= a, and — = cosine of the angle between the axes ; 
locus a circle (Art. 104). 

(2) (e' — 4c/*) (J'^--4ac) — (Se — 20^* positive; locus im- 
possible. 

(3) (e* - Acf) {V - 4ac) - {le - 2cdr)' = ; locus a point. 

IL. If J* — 4ac be positive, the locus is w hyperbola, 
except when 

{V - 4ac)/+ a^+cdP- Ide = 0, 
and then it consists of two intersecting straight lines. 

m. If J* — 4ac = 0, the locus is a parabola, except when 
Je^2ceZ=0, and'Jrf— 2ae = 0; and then it consists of two 
parallel straight lines, or of one straight line, or is impossible, 
according as e' — 4cf and. (? — 4af are positive, zero, or 
negative, 

16— a 
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EXAMPLES. 

1. Find the centre of the curve 

af—^xy + 4y"— 2aaj + 4ay = 0. 

2. Find the centre of the ellipse 

3. What is represented by aa? + ibxy + cy* = 1, when 

4. Find the locus of the centre of a circle inscribed in a 
sector of a given circle, one of the bounding radii of the 
sector remaining fixed. 

5. In the side AB of a triangle ABCy any point P is 
taken, and PQ is drawn perpendicular to AG] find the 
locus of the point of intersection of the straight lines BQ 
and GP. 

6. DE is any chord parallel to the major axis AA! of 
an ellipse whose centre is U] and AD and (XS intersect in P; 
shew that the locus of P is an hyperbola, and find the 
direction of its asymptotes. 

7. Tangents to two concentric ellipses, the directions of 
whose axes coincide, are drawn from a point P, and the 
chords of contact intersect in Q; if the point P always lies 
on a straight line, shew that the locus of Q will be a rect- 
angular hyperbola. 

8. What form does the result in the preceding example 
take when two of the axes whose directions are coincident are 
eq^ual? 

9. Prove that an hjrnerbola may be described by the 
intersection of two straight lines which move parallel to 
themselves while the profiict of their distances from a fixed 
point remains constant. 



mm 
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10. Two lines are drawn from the focus of an ellipse in- 
cluding a constant angle; tangents are drawn to the ellipse 
at the points where the lines meet the ellipse ; find the locus 
of the intersection of the tangents. 

11. Find the latus rectum of the parabola 

12. Shew that the product of the semi-axes of the ellipse 
y^-^ay + 5a?=2 is 2. 

13. Find the angle between the asymptotes of the hyper- 
bola ay = Ja;' + c. 

14. Find the equation to a parabola which touches the 
axis of a? at a distance a, and cuts the axis of y at distances 
13, p from the origin. 

15. If two points be taken in each of two rectangular 
axes, so as to satisfy the condition that a rectangular hyper- 
bola may pass through all the four, shew that the position of 
the hyperbola is indeterminate, and that its centre describes 
a circle which passes through the origin and bisects all the 
lines which join the points two and two. 

16. Two lines of given lengths coincide with and move 
along two fixed axes in such a manner that a circle may 
always be drawn through their extremities ; find the locus of 
the centre of the circle, and shew that it is an equilateral 
hyperbola. 

17. A variable ellipse always touches a given ellipse, and 
has a common focus with it; find the locus of its other focus, 
(1) when the major axis is given, (2) when the minor axis is 
given. 

18. Draw the curve 

y* - 5ajy + 6aj" - 14aj + 5y + 4 = 0. 

19. Draw the curve 

aj' + y' — 3 (a? + y) — 5cy = 0. 

20. Find the nature and position of the curve 

y*- Say + 250:^+ 6cy-42ca? + 90*= 0, 
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21. The equation to a conic section being 

shew that the equation to its axes is 

iry(a-c)=J((B"-y»). 

22. The locus of the vertices of all similar triangles whose 
bases are parallel chords of a parabola will in- general be 
another parabola; but if any one of the triangles touch the 
parabola with its sides, the locus becomes a straight line* 

23'. A series of circles jpass through a given point 0, 
have their centres in a line uA^ and meet another line BG. 
Let Jf be the point in which one of the circles meets the line 
OA again, and let N be either of the points in which this 
circle meets BG. From Jf and jST lines axe drawn parallel to 
BG and OA respectively, intersecting in P; shew that the 
locus of P is an hyperbola which becomes a parabola when 
the two lines are at right angles. 

24. The chord of contact of two tangents to a parabola 
subtends an angle ^9 at the vertex ; shew that the locus of 
their point of intersection is an hyperbola whose asymptotes 
are inclined to the axis of the parabola at an angle ^ such 
that 

tan^ = Jtan^S. 

25. Determine the locus of the middle points of the 
chords of the curve 

aaj' + 2Ja3^ + cy"+ 2ea? + 2^ +5^ = 0, 

which are parallel to the line a? sin ^ — y cos ^ = ; and hence 
find the position of the principal axes of the curve. 

26. ShcTV* that the equation 
represents two ellipses. 
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CHAPTEE XIV. 

MISCELLANEOUS PROPOSITIONS. 

281. We shall give in this chapter some miscellaneous 
propositions for the most part applicable to all the conic 
sections. 

To find the equation to a conic section^ the origin and (zxes 
being unrestricted in position. 

Let a, b be the co-ordinates of the focus; and let the 
equation to the directrix be 

Ax'{-By+ (7=0. 
The distance of any point (a?, y) from the focus is 

and the distance of the same point from the directrix is 
Ax-^-By+G 

Let e be the eoccentricity of the conic section; then if (oj, y) 
be a point on the curve, we have, by definition, 

((.-«)'+ (y-JHi-li^^S^ (1) , 

.-. («-«)-+(y-"'-i^^^;a?^'. W. 

We see from (1) that the distance of any point on a conic 
sectipn from the focus can be expressed in terms of the first 
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power of the co-ordinates of that point whatever be the origin 
and axes. This is usually expressed hj sajing the distance 
of any paint from the focus is a linear fwMiion of the co-ordi" 
nates of the point. 

282. It will be seen by examining the equations to the 
conic sections given in the preceding chapters that any conic 
section may be represented by the equation 

y* = mx + naf. 

The origin is a vertex of the curve and the axis of x an 
axis of the curve; m is the latus rectum; in the parabola 
n = 0; n is negative in the ellipse and positive in the hyper- 
bola. In the circle m is the diameter of the circle and 
71 = —1. 

283. To find the equation to the tangent at any point of 
a curve of the second degree. 

Let the equation to the curve be 

aa?+han/ + ct/^ + dx + ey-{'f=0 (1), 

the axes being oblique or rectangular. 

Let Xf y be the co-ordinates of the point, 

oj", y the co-ordinates of an adjacent point on the curve. 

The equation to the secant through these points is 

y-y'=fc^(^-^') ^^)- 

Since [pi, y') and («", y") are on the cnrre, 

(ud'+haly' + ct/' + dx' + ^' +/= 0, 
ax'" + Wy + ey"* + dx" + ey" +/= ; 
.-, a {af"-x'^ + h {x"y" - x'y') + c (y"»-y") 

+ d{x"-x') + e{f-y')=^0, 



• ' XV." 
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or (oj" - x') {a {x" + x') + hy" + d\ 

+ (/-y){^(y"+3^') + 5^' + ^l=o; 

x"-x c [y" + y') + to' + e ' 

Hence (2) may be written 

a{x"-{-x)^-ly" + d f ,. 

y — « = \-j-, L f-, {x — x). 

Now in the limit a;" = x* and y" = y* ; hence the equation 
to the tangent at the point {x\ y) is 

This equation may be simplified ; we have by reduction 
y i^cy' + to' + e) + oj (2aa?' + Jy' + ^ 

= y (2cy' + to'+ c) + aj'(2aa?' + Jy' + ^ 
= 2 (aaj'* + to'y' + cy'* + eZa;' + ey'+jO - dx'-ey - 2/; 
/.2^(2cy' + to' + c)+a;(2aa?' + &y' + eZ)+da?' + 6y'+2/=0, 

w. 

If /= 0, the curve passes through the origin, and the equa- 
tion to the tangent at that point becomes 

d 

which we see does not involve the coefficients of a?, y*, or xy^ 
in the equation to the curve. 

284. The equation to the normal at the point (a?', y') 
when the curve is expressed by equation (1) of the preceding 
article and the axes are rectangular, will be 



, 2cy + to' + e. ,v 
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285. It may be shewn as in Art. 183, that if from a 
point (A, h) two tangents be drawn to the curve expressed by 
equation (1) of Art. 283, the equation to the chord of con- 
tact is 

y {2cJc + hh + e)+x {2ah '\-hh-{'d) + dh'\-ek + 2/= 0. 

286. All chords of a conic section which subtend a right 
angle at a given point of the curve intersect in the normal at 
that point. 

Take the given point of the curve as the origin of a sys- 
tem of rectangular axes, and let the equation to the curve be 

aa? -\-hxy + cj^ + dx + ey = (1). 

The axis of x meets the curve at the points found by 
making y = in the above equation, that is, at the points 

d 

a; = 0, and a? = . 

' a 

Similarly the axis of y meets the curve at the origin and 

also at the point for which y = . 

Hence the equation 

a c 

7+?+' = <' » 

represents the chord joining the points of intersection of the 
axes and curve. 

Also the equation to the normal to the curve at the origin 
is by Art. 284, 

y=5» (3). 

Hence (2) and (3) meet in the point whose co-ordinates are 

a + c' a + c* 
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and whose distance from the origin is therefore 

a + c 

Now change the directions of the axes preserving the same 
origin ; the equation (1) will then become 

aV» + b'xy + cY + d'x' + ey = 0. 

Also it appears from Arts. 274 and 275, that 

a^ + c^a + c, and dZ'* + e*" = e? + e\ 

Hence the normal at the origin will meet the new chord 
at the same distance from the origin as it met the original 
chord, that is, will meet it m the same point. Since this is 
true whatever be the directions of the axes, it follows that all 
the chords intersect in the same point. 

287. By comparing Arts. 154, 204, and 264, we see that 
the polar equation to any conic section, the focus being the 
pole and the initial line tne axis, is 

I 

1+6C0S^' 

where I = half the latus rectum. 

We shall use this in proving the following proposition* 

The semi-latus rectum of any conic section is an harmonic 
mean between the segments made hy the focus of any focal chord 
of that conic section. 

Let J:8P=^ 0, see fig. to Art. 158 ; 

I 



.-. iSP=: 



1 + e cos * 

Suppose P8 produced to meet the curve again in P' ; 

I 



.-. iSP = 



l + 6C0S(7r + ^)' 
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11 _ l + eco8g 1 — ecosg 
_2 

which proves the proposition. 

288. The polax equation to the tangent to a conic sec- 
tion, the focus being the pole and the initial line the axis, is 
(Art. 205) 

-=ecos^ + cos(a — ^ (1), 

where a is the angular co-ordinate of the point of contact. 

Similarly the polar equation to the tangent at the point 
whose angular co-ordinate is ^, is 

- = 6cos^ + cos08-^) (2). 

At the point where these tangents meet, we have 

cos (a — ^) = cos (^ — 0). 
Now we cannot have 

since a and ^ are by supposition different ; we therefore take 

•• ^ 2 • 
Thus the two tangents (1) and (2) meet at the point whose 
angular co-ordinate is — ^ . 

For example, suppose the conic section an ellipse ; let 
and let the tangents at P and Q meet at T\ 
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then • A8T=^; 

that Is, the two tangents drawn from any point to an ellipse 
subtend equal angles at either focus. 

Similarly the two tangents drawn from any point to a 
parabola subtend equal angles at the focus. 

With respect to the hyperbola we have to distinguish two 
cases. We nave shewn m Art. 231, that from any point 
included between the asymptotes and the curve, two tangents 
can be drawn both meeting the same branch of the curve, but 
from any point included within the supplemental angles of 
the asymptotes two tangents can be drawn meeting different 
branches of the curve. 

If now the two tangents from a point meet the sam>e branch 
of an hyperbola^ it may be shewn as in the case of the ellipse, 
that they subtend equal angles at either focus. We will 
consider the case in which the tangents meet different 
branches. 
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Let The a point from whicli tangents 2TP, TQ are drawn 
to different branches of an hyperbola. 

Let ASP^a] and let the angle which Q8 produced 
through 8 makes with A 8 he fi; then /8 is an angle greater 
than TT, and A8Q = )8 — tt. 

Thus the equations to TP and TQ will be respectively 
- = e cos ^ + cos (a - 0), - = e cos ^ + cos (/8 - ^). 

At the point T where they meet, we have 
cos (a — ^) = cos (fi — 0). 

ff 4- i3 ff 4- /? 

We may therefore take = — ~- , that is, we have 
as the angle which T8 produced makes with A8; thus 



A8T=^ir^ 



oi + 13 



.-. T8P=7r^ 



2 ' 



T8Q=^ 



^-«. 



.\ T8P+T8Q^iri 
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that is, tbe angle which one tangent subtends at either focus 
is the supplement of the angle which the other tangent sub- 
tends at the same focus. 

289. We have given in Art. 120 the definitions of a pole 
and polar with respect to a given circle. The same defini- 
tions are used generally substituting conic section for circle. 
If then the equation to the curve be 

oaj" + hosy + a^ + dx + ey +/= 0, 

the equation to the j>olar of {x\ y') is (Art. 283) 

a? (2aa?' + Jy + cZ) +y (2cy' + &a;' + e) + do;' + cy + 2/= 0. 

290. If one straight line pass through the pole of another 
straight linCy the second straight line will pass through the pole 
of the first straight line. 

Let {x\ y') be the pole of the f/rst straight line, and 
therefore 

aj(2aa;' + jy + ^.+y(2cy' + Jaj' + c) + daj' + q^'+2/=0...(l) 

is the equation to the first straight line. 

Let (x\ y") be the pole of the second straight line, and 
therefore 

X {2ax" + hy" + (?) + y {2cy" + Ix" + e) 

+ rfx" + e/ + 2/=0 (2) 

is the equation to the second straight line. 
Since (1) passes through {x'\ y") we have 
x" {2ax' + hy' + d) +y" (2cy' + Ix +e)+dx' + ey' + 2/= 0, 
that is, 

x' {2ax" + hy" + d)+y' {2cy" + Ix' + e) + dod' + ey" + 2/= ; 
hence (2) passes through (a?', y'). 

291. The intersection of two straight lines is the pole of 
ihe line which joins the poles of those lines. See Art. 122, 
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292. If a quadrilateral ABCD be inscribed in a conic 
section^ of the three points E, F, G, each is the pole of the line 
joining the other two. 




Let E be the oriffin ; JE4, ED the directions of the axes 
of X and y ; and let the equation to the conic section be 



oaf + bay -^ct^ + dx-^ey +/= , 

Also suppose 

EA=^h, EB^h\ 

ED^h, EC=:k\ 
The equation to AG i® T + I> = 1 






(1). 



(2), 

(3), 

(4), 

GB ... f +1= 1 (5). 

From (2) and (3) it follows that the equation 

KM)-^K^S=^ («> 

represents some line passing through G. But from (4) and 

g) it follows that (6) represents some line passing through F. 
ence (6) must be the equation to FG. 



i 
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Suppose in (1) that y = ; then we have the quadratic 
aa^ + dx-hf^O; 
and the roots of this equation are h and h' ; hence 



a 
1 1_ d 

Similarly, _ + - = -?.. 



'=/. 



Hence (6) becomes 

da? + ey + 2/=0. 

But this, by Art. 289, is the equation to the polar of the 
origin ; therefore FG is the polar of K Similarly EG is the 
polar of F. Hence, by Art. 291, G is the pole of ^J^. 

293. To determine the form of the general equation to a 
conic section when the axes are tangents. 

Let aa? + hxg + ct/''\'dx + ey + f==0 (1) 

be the equation to the conic section. 

To find where the curve meets the axis of a?, put y = 
in the above equation ; thus 

aa^'{-dx+f=0. 

If the axis of a? is a tangent to the curve it must meet the 
curve in only one point (see Art, 171) ; hence the roots of the 
above quadratic must be equal ; therefore 

d'^^af (2). 

Similarly that the axis of y may be a tangent to (1) we 
must have 

e' = 4c/. (3). 

T. C. 8. 17 



or 
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Substitute the values of a and c from (2) and (3), then (1) 
becomes 

or {dx + e!/ + 2f)* + {ihf-2de)anf = 0, 

Id , e , ,V, 2hf-de 

Put -^— ^ i- — i 2y-de _ 

thus we obtain for the required equation 

By putting successively x and y = 0, we see that A is the 
distance from the origin to the point where the curve meets 
the axis of oj, and k is the distance from the origin to the 
point where the curve meets the axis of y. 

If it be required to determine a conic section which touches 
two given straight lines in given points, and also passes 
through another given point, we may assume the last written 

S nation to represent it, so that the lines to be touched are 
ken as the axes of x and y ; then by putting the co-ordi- 
nates of the additional given point in the equation we find a 
single value for /i. Thus there is only one conic section 
satisfying the data. 

294. Suppose the equation 

(f + |-l)V;«y = (1) 

to represent a parabola. Then, by Art. 280, 

.-. M = 0, or,* = -A. 
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K /A = 0, (1) becomes 

this equation represents the straight line joining the points of 
contact of (1) with the axes. 

4 

If /A = — rr , we have from (1), 

(M-)-t <^)^ 

•••H-'-±V(3)^ 
■••f"^/(S)^l-'> 

We may write this 

v'l+v'f-' (* 

remembering that the radicals may be positive or negative. 
Thus (3) is the equation to a parabola referred to two tan- 
gents as axes. 

295. We may notice the form of the equation to the 
tangent to the parabola 



vl+vl^ 



1 (1). 

The equation to the secant through {x\ y') and {x*\ j/') is 

Since {x\ y) and (oj", y") are on the parabola, we have 

17—2 
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Hence the equation to the secant may be written 

«_«'=_ v:^ Vy"+Vy' ra. ^.^ 

Hence we have for the equation to the tangent at («', y') 

or y I ^ y' I 'g' -1 

Similar Curves. 

* 296. Dep. Two cnrves are said to be similar and Jtiwi- 
larly situated when a radius vector drawn from some fixed 
point in any direction to the first curve bears a constant ratio 
to the radius vector drawn from some fixed point in a parallel 
direction to the second curve. 

Two curves are said to be similar when a radius vector 
drawn from some fixed point in any direction to the first curve 
bears a constant ratio to the radius vector drawn from some 
fixed point to the second curve in a direction inclined at a 
constant angle to the former. 

The two fixed points are called centres of similarity. 

297. If two curves are similar, so that a pair of centres of 
similarity exists, then an infinite number of pairs of centres of 
similarity can be found. 
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For, suppose 0, 0' to denote one pair of centres of simi- 
larity; ana let OP, 0§ be radii vectores of the first curve, 
and OP^ O Q the corresponding radii vectores of the second 
curve, so that the angle FO Q = the angle P O Q^ and 

OP _ OQ 
O'P^ O'Q' 

Suppose any point S taken and joined to ; then make 
the angle P'0'/&' = the angle POfi^, the angles being measured 
in the same direction, and take 8' so that 

as^ gp 
08 ^'Wp' 

then 8 and 8' shall be centres of similarity. 

For join 8P, 8Q, 8'P, 8'Q; then the triangles SOP, 
8' OP are similar; and so also are the triangles 80 Q^ 
S O Q\ Hence it easily follows that 

the angle Q8P=Q8'P\ 
, 8P 8Q 

ana S'P^SQ' 

and thus the proposition is established. 

298. All parahohs are similar curves. 

Let 4a be the latus rectum of a parabola, and 4a the latus 
rectum of a second parabola. The polar equations of these 
curves, the foci being the respective poles, are 

_ 2a 
^■"1 + cos^' 
2a' 
1 + cos ff * 

Hence, if ^ = ^, we have 

r a 

Thus any two parabolas are similar, and the foci are centres 
of similarity. 



r = ; 
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299. To find the conditions that must hold that the 
curves 

aa?+&ay + cy"+c& + €iy+/=0 (1), 

a'a? + yay + cy+£Z'a; + ey+/ = (2), 

may be similar and similarly sitoated. 

Suppose (A, A), (A', Tc) the respective centres of similarity; 
for X and y in (1) put 

A + r cos ^, and & + r sin ^ 

respectively; we shall thus obtain a quadratic in r which 
may be written 

ir« + Jfr+JV^=0 (3). 

For X and y in (2) put 

A' + /cos^, andi'+rsin^ 

respectively ; we shall thus obtain a quadratic in r which may 
be written 

iV"+ir/+Jv^'=o (4). 

Now that the curves may be similar and similarly situated, 
we must always have r=\r, where X is some constant quan- 
tity; thus (4) becomes 

X«i'r" + XJl/V + JV^' = (5). 

Since (3) or (5) will give the values of r, these equations 
must be tdenticcU; thus 

^ ^JL-E (a) 

Since neither N noy N' involves ^, we deduce as a neces- 
sary condition that y, must be constant whatever 6 may be. 
Put for L and L' their values ; then 

a cos*^ + J sin ^ cos ^ + c sin*^ ^ ^ ,„. 

— — a/i . r> - A /I . / ■ a/1 = a constant = /* say.. ..(7) ; 

a cos'^ + b sin cos + c sin'^ '^ ■' ^ ' 

/. (a - lid) coB^e + (J - f4i') sm ^ cos ^ + (c - fic') sin'tf = 0» 
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Since this is to lie trae whatever 6 may be, it follows that 

d-b'-d ^^'' 

Hence we have arrived at (8) as necessary conditions, in 
order that (1) and (2) maj be similar and similarly situated. 
We have still to ascertain whether these are sufficient to 
ensure the similarity. The direct method would be to exa- 
mine if A, h, K^ Tc can be so chosen as to make (6) hold ; but 
the following method is more simple. The equations (1) and 
(2), by means of (8), may be written 

aa? + bxy + c^ + dx + e7/ +/= 0, 

aa? + hxy + cy' + fi{d'x'\-ey'\'f) = 0. 

I. Suppose J* — 4flrc = ; then each curve is in general a 
parabola, and therefore the curves are similar ; also their dia- 
meters are parallel so that the curves are similarly situated. 
See Art. 279. This conclusion is subject to the exceptions 
that may arise when either locus instead of a parabola, be- 
comes one or two straight lines, or impossible. 

II. Suppose J*— 4ac not = 0. We may then by changing 
the origin of co-ordinates for each curve reduce the equations 
to the form 

<ia? + bxy + cy* +f^ = 0, 

By expressing these equations in polar co-ordinates, they 
give 

^ jzfi 

a cos'^ + J sin ^ cos ^ + c sin'^ * 

/» — _Zs^8 . , 

a cos'^ + b sin ff cosff + c sin*^ * 

Thus, if O^ff. we have -7 = constant. Hence the curves 

r 

are in general similar and similarly situated. This conclusion 
is subject to the exceptions that may arise when either locus 
instead of a curve becomes two straight lines, or a point, or 
impossible. 
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300. Next, suppose we require the curves (1) and (2) ai 
Art. 299 to be similar without the limitation of being simH 
larly situated. For x and y in (1) we put respectively 

h-^r cos Of A + r sin ^. 

For X and y in (2) we put respectively 

A' + /co3 (d+ a), A'H- / sin (d + a), 

where a is some constant angle at present undetermined. Pro- 
ceed as in Article 299 ; instead of equation (7) we shall now 
have 

a co8*^+ & sin ^ cos ^+ c sin*^ 

a cos" (5 + a) + 6' sin (^+ a) cos (^ + a) + c'8in«(^+ a) 

= a constant = fi say. 
This may be written 

a coQ^0 + b sin ^ cos ^ + c sin'ff _ 
A coV^ + BBm0cos0+C sin»^-"~ ^' 
where 

-4 = a cos'a + c' sin*a + J' sin a cos a, 

B= 2 (c' - a') sin a cos a + 6' (cos"a - sin*a), 
(7= a' sin*a + c' cos*a — J' sin a cos a. 
That the curves may be similar we must have 

a b c * 

A-\-C 
Hence each of these ratios must equal : 



" {A+cy~{a+cy' 

And ^J-P^l 

ao {a + c)* * 
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AO _ ac 

But -4 + (7=a' + c', 

and ^-4^(7=J'"-4a'o', (Art. 274) ; 

&^-4aV _ y-4ac 

This relation must therefore hold, in order that the given 
curves may be similar. 

EXAMPLES. 

1. Straight lines are drawn through a fixed point ; shew 
that the locus of the middle points 01 the portions of them 
intercepted between two fixed straight lines is an hyperbola 
whose asymptotes are parallel to those fixed lines. 

2. Through any point P of an ellipse QPQ is drawn 
parallel to the axis major, and PQ and PQ each made equal 
to the focal distance bP, find the loci of Q and Q\ 

3. In the given right lines AP, A Q, are taken variable 

1)oints p, q, such that Ap : pP :: Qq : qA; prove that the 
ocus of the point of intersection of Pq and Qp is an ellipse 
which touches the given right lines in the points P, Q. 

4. TP, TQ are two tangents to a parabola, P, <? being 
the points of contact ; a third tangent cuts these in ^, j 
respectively ; shew that 

TP^ TQ • 

5. TPy TQ are equal tangents to a parabola, P, Q being 
the points of contact; if PT, QT h^ Doth cut by a third 
tangent, prove that their alternate segments will be equal. 
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6. From a point are drawn two lines to touch a pan 
bola in the points P and Q ; another line touches the parabo] 
in jBand intersects OP, OQ, m S khA. T\ \i Vh^ the intei 
section of the lines joining PT, Q8, crosswise, 0, R^ V are i 
the same straight line. 

7. From an external point two tangents are drawn to ai 
ellipse; shew that an ellipse similar and similarly situates 
will pass through the external point, the points of contact, an( 
the centre of the given ellipse. 

8. A and B are two similar, similarly situated, and con- 
centric ellipses ; C7 is a third ellipse similar to A and B, its 
centre being on the circumference of B, and its axes parallel 
to those of -4 or 5; shew that the chord of intersection of A 
and G is parallel to the tangent to B at the centre of G. 

9. The line joining any point with the intersection of the 
polar of that point with a directrix subtends a right angle at 
the corresponding focus. 

10. If normals be drawn to an ellipse from a given point, 
the points where they cut the curve will lie on a rectangular 
hyperbola which passes through the given point and has its 
asymptotes parallel to the axes of the ellipse. 

11. If GM, MP are the abscissa and ordinate of any 
point P, on the circumference of a circle, and MQ is taken 
equal to MP and inclined to it at a constant angle, the locus 
of the point Q is an ellipse. 

12. Having given the equation to a conic section 

aa^ + 2Ja:y + y»+/=0, 

find the locus of the intersection of normals drawn at the 
extremities of each pair of ordinates to the same abscissa. 

13. Any two points P, Q are taken in two fixed lines in 
one plane such that the line PQ is always parallel to a given 
line; P, Q are severally joined with two fixed points H^ B; 
find the locus of the intersection of Pff and QB. 
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14. The tangent at any point Pof a circle meets the tan- 
gent at a fixed point A in T^ and T is joined with B the 
extremity of the diameter passing through A ; shew that the 
locns of the point of intersection of AP and BT^ is an ellipse. 

15. The polar equation to a conic section from the focus 
being 

— c cos ^ = &, 
r 

shew that the equation to a straight line which cuts it at the 
points for which ^ = a and ^ respeclively, is 

— c cos^ = Jcos^ rr--] sec — -r-. 



r 



{'-^ 



16. Chords are drawn in a conic section so as to subtend 
a constant angle at the focus ; prove that the locus of the foot 
of the perpendicular dropped irom the focus upon the chord 
is a cirde, except in a particular case when it becomes a 
straight line. 

17. If >fiP, 8Q be focal distances of a conic section in- 
cluding a constant angle ; shew that PQ touches a confocal 
conic. 

18. Having given two fixed points through which a conic 
section is to pass, and the directrix, find the locus of the 
corresponding focus. 

19. The focus and directrix of an ellipse are given ; 
through the former a line is drawn making with the latter an 
angle whose sine is the excentricity of the ellipse. Find the 
locus of the points where this line meets the curve, the excen- 
tricity being variable. 

20. A series of conic sections is described having a com- 
mon focus and directrix, and in each curve a point is taken 
whose distance from the focus varies inversely as the latus 
rectum ; find the locus of these points. 
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21. Two conic sections have a common focus 8 through 
which any radius vector is drawn meeting the curves in P, Q, 
respectively. Prove that the locus of the point of intersection 
of the tangents at P, Q, is a straight line. 

Shew that this straight line passes through the intersection 
of the directrices of the conic sections, and that the sines of 
the angles which it makes with these lines are inversely pro- 
portional to the corresponding excentricities. 

22. Aline is drawn cutting an ellipse in the points P,^ ; 
let Q be either of the points in which the same line meets a 
similar, similarly situated, and concentric ellipse ; shew that 
if the line moves parallel to itself, PQ . Qp is constant. 

23. In two straight lines OX, OF, which intersect in 0, 
take OA = a, OB = b ; shew that the centres of all the conic 
sections which touch the lines in A and B lie on the straight 
line 

ay = bx. 

24. About two equal ellipses whose centres coincide, and 
whose major axes are inclined to each other at a given angle 
an ellipse is circumscribed ; if A and B be the semi-axes of 
the circumscribing ellipse, a and b the semi-axes of the equal 
ellipses, and 2a the inclination of their major axes, then will 

a'V + A'ff = {A'b' + ffoT) cob' a + (-4V + B'b^ sin'o. 

Hence shew that about the two equal ellipses a similar 
ellipse may be circumscribed. 

25. Two similar ellipses have a common centre and touch 
each other; if n be the ratio of their linear magnitudes, m 
the ratio of the major to the minor axis in either, and a the 
inclination of their major axes, prove that 




MISCELLANEOUS EXAMPLES. 269 

26. Two tangents (a, I) to a parabola intersect In Pat an 
angle g), and a circle is described oetween these tangents and 
the curve ; shew that the distance of its centre from P is 

ah 



(a + b) sec - + 2^{ab) tan ^ 



27. If two chords at right angles be drawn through a 
fixed point to meet a curve of the second degree, shew that 

is constant, where H and r are the segments of one chord made 
by the fixed point, and R' and / those of the other.^ 

28. The equation to the locus of the foci of all parabolas 
whose chords of contact with axes inclined at an angle a cut 
o£f a triangle of constant area is 

r = i V{sin d sin (a — 0)}. 

29. A parabola slides between two rectangular axes, find 
the curve traced out by the focus. 

30. A parabola slides between two rectangular axes, find 
the curve traced out by the vertex. 

31. Successive circles are drawn each touching the pre- 
ceding one externally and each having double contact with a 
given parabola ; shew that their radii form an arithmetical 
progression whose common difierence is the latus rectum. 

32. A system of ellipses is represented by the equation 
in rectangular co-ordinates 

aa? + 2cajy + Jy* = n (a + J), 

where a, h, c are variable and n constant ; shew that every 
parallelogram constructed on a pair of perpendicular diameters 
as diagonals will circumscribe a certain fi^ed circle. 
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33. If from any point in the tangent to a conic section a 
perpendicnlar be dropped upon the line joining the focus and 
the point of contact, prove that the distance of the point in 
the tangent from the directrix is to the distance of the foot of 
the perpendicular from the focus as 1 : e. 

34. Upon a given straight line as latos rectum, let any 
number of conic sections be drawn, and from the focus let 
two straight lines be drawn intersecting them all ; then the 
chords of all the intercepted arcs will, if produced, pass 
through a single point. 

35. A line of constant length moves so that its ends 
always lie on two given lines ; find the locus traced out by 
a point in the line which divides it in a given ratio. 

36. In any conic section if r and r' be focal distances at 
right angles to each other, and I be half the latus rectum, then 



(7"7)^(^"l) ^^^**^*- 



37. Two conic sections equal in every respect are placed 
with their axes at right angles and with a common focus S; 
8P, 8Q being radii vectores of the one and the other at right 
angles to eadi other, find the locus of the intersection of the 
tangents at P and Q» 

Also find the locus when 8PQ is a straight line. 

38. 8 and jB'are the foci of an ellipse, and round 8^ Hy sls 
focus and centre, another ellipse is described, having its minor 
axis equal to the latus rectum of the former. Through any 
point P in the first draw 8PQ to meet the second ; it is re- 
quired to find the locus of the intersection of HP and the 
ordinate QM, 

39. A and B are the centres of two equal circles ; AP^ 
BQ, radii of these circles at right angles. If AB^= 2AP^^ 
the line PQ always passes through one of the points of inter- 
section of the circles. 
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40. Tangents are drawn to a conic section at the points P, 
M ; another tangent is drawn at an intermediate point (?, and 
meets the other tangents in Jf, N\ shew that the angle M8N 
is half the angle P/Sfi, 8 being a focus. 

41. In a parabola the angle between any two tangents is 
half the angle subtended at the focus by the chord of contact. 

42. A triangle is formed by the intersections of three 
tangents to a parabola ; shew that the circle which circum- 
scribes this triangle passes through the focus. 

43. Given a focus and two tangents to a conic section, 
shew that the chord of contact passes through a fixed point. 

. 44. A circle is described upon the minor axis of an ellipse 
as diameter ; find the locus of the pole with respect to the 
ellipse of. a tangent to the circle. 

45. In a parabola two focal chords P8p, Q8q, are drawn; 
shew that a focal chord parallel to PQ will meet jpq produced 
on the tangent at the vertex. 

46. If from the vertex of a parabola a pair of chords be 
drawn at right angles to each other, and on them a rectangle 
be completed, prove that the locus of the further angle is an- 
other parabola. 

47. From a point P in the circumference of an ellipse 
chords PQy Pit are drawn at right angles ; express the co- 
ordinates of the point of intersection of QJR with the normal 
at P in terms of the co-ordinates of P. Shew that as P moves 
along the ellipse this point of intersection will describe the 
ellipse 

48. Shew that the locus of the centre of an equilateral 
hyperbola described about a given equilateral triangle is the 
circle inscribed in the triangle. 
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49. Two equal parabolas have the. same axis aud vertex, 
but are turned in opposite directions ; chords of one parabola 
are tangents to the other ; shew that the locus of the middle 
points of the chords is a parabola whose latus rectum is one- 
third of that of the given parabola. 

50. The co-ordinates of the focus of the parabola whose 
equation when referred to two tangents inclined at an angle 



^ShA^>'' 



are 



and 



a' + J"+2aJ cosw' a" + 6' + 2ai cos o) * 

51. Kaaj"+2JaJV + cj^+2a'a? + 2cy + £? = be the equa- 
tion to a parabola, the axis of the parabola will be given hj 
the equation 

52. Two equal parabolas have the same focus and their 
axes are at right angles to each other, and a normal to one of 
them is perpendicular to a normal to the other; prove that 
the locus of the intersection of such normals is a parabola. 

53. Find the locus of the intersection of two normals in 
an ellipse which are at right angles. 

54. Normals are drawn at the extremities of the conju- 
gate diameters of an ellipse, and hy their intersections form 
a parallelogram. If denote the excentric angle of an ex- 
tremity of one of the conjugate diameters, shew that the area 
of the parallelogram is 



^ , — - sm' <f> cos' <f>. 



55. Through the four angular points of a given square a 
circle is drawn, and also a series of curves of the second 
order, and common tangents to the circle and each curve are 
drawn. Find the locus of the points of contact of each curve 
with its tangent. 
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56. From any point T outside an ellipse two tangents TP 
and TQ are drawn to the ellipse ; shew that a circle can be 
described with T as centre so as to touch >8P, -HP, 8Q^ HQ^ 
or these lines produced. 

If X and y are the co-ordinates of T, shew that the radius 
of the circle is 

a 



T. C. S. 18 
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CHAPTER XV. 

ABRIDGED NOTATION. 

301. Through five points^ no three of which txre in o\ 
etraight line^ one conic section and only one can be drawn. 

Let the axis of x pass through two of the five points, an 
the axis of y through two of the remaining three points. Lk 
the distances of the first two points from the origin be \^ h 
respectively, and those of the second two points ife^, h^, re 
spectively ; also let A, A; be the co-ordinates of the remamin] 
point. Suppose (Art. 269) 

aic" + 6a?y + cy"4-daj + «y + l = (1) 

to be the equation to a conic section passing through the fivi 
points. Since the curve passes through me points (A^, 0) 
(*i> 0), we have from (1) 

aA; + ca,+ l = (2), 

aA,« + <iA, + l = (3). 

Similarly, since the curve passes through (0, AJ, (0, ij, 
we have 

cfc,» + 6ft,+ l = (4), 

^•' + «^+l = (5). 

Lastly, since the curve passes through (A, A), we have 

aA*+6AA + cA* + dA + eA+l«0 (6). 

From (2) and (3) we find 
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From (4) and (5) we find 

then from (6) we can determine the value of J. Since no 
three of the five given points are in the same straight line, 
none of the quantities A-, A,, \^ h^, A, h, can be zero ; hence 
the values of the coefficients a, &, c, d, e are all finite. If 
we substitute these values in (1), we obtain the equation to a 
conic section passing through the five given points. As each 
of the quantities a, J, c, a, e, has only (me value, only one 
conic section can be made to pass through the five given 
points. 

302. The investigation of the preceding article may still 
be applied when three of the given points are in one straight 
line; the point (A, k) for instance may be supposed to lie on 
the line joining (0, h^ and (A^, 0) ; the conic section in this 
case cannot be an ellipse, parabola, or hyperbola, since these 
curves cannot be cut by a straight line in more than two 
points ; the conic section must therefore reduce to two straight 
lines, namely the line joining the three points already spcr 
cified, and the line joining the other two points. If, however, 
four of the given points are in one straight line, the method 
of the preceding article is inapplicable ; it is obvious that 
more than one pair of straight lines can then be made to pass 
through the five points. 

303. We shall now give some useful forms of the equa- 
tions to conic sections passing through the angular points of a 
triangle or touching its sides. 

Let w = 0, v = 0, ti7 = 0be the equations to three straight 
lines which meet and form a triangle ; the equation 

lvw-\-mvm'\'nuv — (1), 

where Z, w, n are constants, will represent a conic section 
described round the triangle ; also by giving suitable values 
to Z, w, n, the above equation may be made to represent any 
conic section described round the triangle. This we proceed 
to prove. 

18—2 
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I. The equation (1) is of the second degree in the variables 
X and y, which occur in the expressions u, v^ w; hence (1) 
must represent a conic section. 

II. The equation (1) is satisfied hj the values of x and 
y, which make simultaneously v = 0, «? = ; the conic section 
therefore passes through the intersection of the lines repre- 
sented by V = and «? = 0. Similarly the conic section passes 
through the intersection of tr = and w = 0, and also through 
the intersection of w = and v = 0. Hence the conic section 
represented by (1) is described round the triangle formed 
by the intersection of the lines represented by w = 0, t? = 0, 
w = 0, 

III. By giving suitable values to ?, m, w, the equation 
(I) will represent any conic section described round tne tri- 
angle. For let 8 denote a given conic section described round 
the triangle ; take two jjoints on 8; supnose h^, k. the co-ordi- 
nates of one of these points, and A,, k^ tnose of the other. If 
we first substitute h^ and k^ for x and y respectively in (1), and 
then substitute A, and k^j we have two equations from which 

we can find the values of -j and -j ; suppose y=^ and j = q* 

Substitute these values in (1), which becomes 

vw +pwu -\- quv = (2); 

this is therefore the equation to a conic section which has 
five points in common with 8, namely, the three angular 
points of the triangle and the points (A^, AJ, (A k^). The 
conic section (2) must therefore coincide with 8 by Art. 301. 
Hence the assertion is proved. 

We might replace one of the constants in (1) by unity, 
but we retain the more symmetrical form; (1) may be 



written 



I m , n 

- + - + - = 0. 

U V to 



304. Equation (1) of the preceding article may be written 
w {lv + mu) + nuv^O (i). 
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^we will now determine where (1) meets the straight line 
represented by 

lv + mu = (2). 

By combining (2) with (1) we deduce nuv = ; therefore 
either u = 0, or t; = ; but by taking either of these suppo- 
sitions and making use of (2), we see that the other suppo- 
sition must also hold; hence the line (2) meets the curve (1) 
in only one point, namely, the point of intersection of w = 
and V = 0. 

Hence (2) is the tangent to (1) at this point. Similarly 
mw + nv = is the tangent to (1) at the point of intersection 
of tt? = and t; == 0, and nw + ?ti? = is the tangent at the point 
of intersection of t« = and i^ = 0. 

305. The demonstration of the preceding article is imper- 
fect, because we know from Arts. 132, 222, that a line parallel 
to the axis of a parabola or to either asymptote of an hyper- 
bola meets the curve in only one point, but is not the tangent 
at that point. The proposition may however be established 
in the following manner. Take the axis of x coincident with 
the line t« = 0, so that u becomes yy, where q is some con- 
stant; also take the axis of y coincident with the line v = 0, 
so that V becomes pa:, where p is some constant. Suppose 
w=^Ax + By-\-0. Then (1) of the preceding article be- 
comes 

{Ax + £y + C) {Ipx + mqy) + npqxy *= 0. 

By Art. 283 the equation to the tangent at the origin, that 
is, at the intersection of a: = and y = 0, is Ipx + mgy =* 0, or 
Zv + mu = ; which was to be proved, 

306. Let each of the three tangents in Art. 304 be pro- 
duced to meet the opposite side of the triangle formed by the 
lines t«==0, t? = 0, w — 0\ then it may be shewn that the 
three points of intersection lie on the straight line 

I m n 

The lines joining the angular points of the triangle formed 
by the tangents with the angular points of the original 
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triangle respectiyely opposite to them, are represented by the 
equations 

U V ^ V iff ^ w u ^ 
-J = 0, = 0, 7 = 0; 

these three lines meet in a point. Thus when a triangle is 
inscribed in a conic section the lines joining each point with 
the pole of the opposite side meet in a point. 

307. Let u = 0, t? = 0, tt? = Obe the equations to three 
straight lines, then the equation 

Au* + JBv* + Cw^ + 2A'vw + 2B'um + 2(7W = 

will generally represent any assigned conic section, if the 
constants A^ B, U, A\ B\ C are properly determined. 

For suppose we divide the equation by one of the constants 
as C, there are then five independent constants left. Now 
let 8 denote any assigned conic section ; take five points in S 
and substitute the co-ordinates of the five points successively 
in the above equation ; we shall thus have five equations for 
determining the five constants. Suppose a, 5, c, a', V the 
values thus determined, then the equation 

au' + b^ + cw* + 2a'vw + 2b'wu+ 2uv = 

represents a conic section which has five points in common 
with 8, and which therefore coincides with 8, (Art. 301.) 

308. The method of the preceding article, although im- 
portant and instructive, is not satisfactory, because we have 
not proved that the five equations firom which the constants 
are to be determined are consistent and independent. There may 
be exceptions to the theorem, and we therefore use the word 
generally in the enunciation. If the three straight lines meet 
in a point, then the curve denoted by the equation always 
passes through that point, and the equation in this case will 
not represent any assigned conic section. If the three straight 
lines are parallel, u, t;, w take the forms 

Ix + my + p, lx + my+p\ lx + my + p\ 

and the equation takes the form ... 

X (?a? + my)* + /i (ic + wy) + y = 0, 
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vrhich represents two parallel straight lines, and thus will not 
represent any assigned conic section. With these exceptions, 
however, the theorem is universally true, as we shall now 
shew by another demonstration. 

Since the lines are not all parallel, two of them at least will 
meet; suppose w = and v = to be these two, and take their 
directions for the axes of y and x respectively ; then t« = 
becomes a? = 0, and t? = becomes y = ; also «? = may be 
written Zo? + tny + » = 0. We have then to shew that the 
equation 

Asf^-By^-V (7(Zaj + wiy + w)* + 2A'y (Za? + wiy + «) 

+ 25'a:(£» + wy + w) + 2(7'a?y = (1) 

will represent any assigned conic section by properly deter- 
mining the constants A^ B^ &c. Suppose 

aa? + ibxy + cy" + 2dx + 2ey +/= (2) 

to be the equation to the assigned conic section. Arrange the 
terms in (1) and equate the coeflScients of the corresponding 
terms in (1) and (2) ; thus 

W^f, A'n + Cmn^e, B'n + Cln = d, 

B+Cni' + 2A'm = c, ^ + 0P+257 = a, 

CIm + A'l + B'm+C':^b. 

These equations determine successively G, A\ J?, i?, -4, C\ 
As the given lines do not meet in a point, n is not zero; hence 
the values found for (7, A\ &c. are all finite and determinate. 
Thus (1) is shewn to coincide with (2), and the required 
theorem is proved. 

309. To express the equation to a conic section which 
touches the sides of a triangle. 

Let ti = 0, t; = 0, ir = Obe the equations to the sides of a 
triangle ; then any conic section may be represented by the ; 
equation 

Au^ + Bv*-\-Cuf. + 2A;vfff + 2B'vmf2C'uv^0 (!)• 
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To find where this conic section meets the line ti = 0, we must 
put ti=c 0; thus (1) becomes 

jBtf+Gw'' + 2A'vw=-0 (2). 

Now from (2) we obtain hj solution two values of — , say 

— = ffrj, and — =/ij. The equation v^^fijuo represents some 

straight line passing through the intersection of v = 0, and 
w = 0, Hence since (1) is satisfied by those values of x and 
y which make simultaneously w = and v — ^^w = 0, the inter- 
section of the lines t*=0 and «? — ffrjti7 = is a point on (1), 
Similarly the intersection of w = and v — p,jto = is a point 
on (1). Hence the line w = will meet (1) in two points, and 
therefore will not be a tangent to it, unless the lines 

V'-fJL^w^Oy and v— ;AjMr = 0, 

coincide. Hence that u^O may touch (1) we must have 
fi^=fi^, and therefore A'^^BC. 

Similarly that v = may touch (1) we must have 5'*= CA ; 
and that w = may touch (1) we must have C^ = AB. From 
these three relations we see that A, S, and must have the 
same sign, because the product of each two is positive. Also 
the sign of -4, B, and G may be supposed positive, because 
if each of them were negative we could change the sign of 
every term in (1), and thus make the coefficients of u\ v*, 
and w^ positive. We may therefore put 

A:^l% B^m\ C'^n'; 
thus 

A'^±mn, B':^±nl, 0' = ±?m. 

Hence (1) becomes 

l^u* + m?v^ + n^w* ± 2mnvw ± 2nZu?ti ± ikmv^O (3). 

We shall now examine the ambiguity of signs that appears 
in this; explosion, 

I. Suppose aH the upper signs to be taken. The equa- 
tion may tnen be written 
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This is the equation to a straight line, or rather to two 
coincident straight lines. 

II. Suppose the lower sign to be taken twice and the 
upper sign once ; we have then three cases, 

(?tt + mv — ntt7)*=0, or (7w — 7iit? + nw7)* = 0, 

or {—lu + mv +nioy = 0. 

Each equation represents two coincident straight lines. 

III. Since then the forms in I. and II. represent straight 
lines, we see by excluding these cases from (3), that if a curve 
of the second degree touch the straight lines 

w = 0, t? = 0, w = 0, 

its equation must take one of the forms 

Pu' + wV + nW — 2mnvw — 2nlvm — 2lmuv = . . . (4), 

Pu^ + mV + nW — 2mnvw + 2nltDU + 2lmuv = . . . (5), 

V\jf + m^v^ + nV + 2mnvw — 2nlv>u + 2lmuv = . . . (6), 

?tt* + mV + wW + 2mnvw + 2nlvm — 2lmuv = ... (7). 

These four forms may also be written 

V(^+ V(«wt;) + ^{nw) =0 (8) from (4), 

*J{-lu)+ >J{mv) + V(ww) =0 (9) ... (5), 

V(Zm)+ V(-wv)+ V(ww?) =0 (10) ... (6), 

VW+ V(»wt;) +V(-ww)==0 (11) ... (7), 

which may be verified hy transposing and squaring, so as to 
put the equations in a rational form. 

310. It is easy to verify the proposition that the curve 
represented by the equation 

V(Ztt) + ^[mv) + »J{nw) = 

cannot cut the lines u = 0, v = 0, k? = 0. For suppose the 
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above equation satisfied by tbe co-ordinates of a point ; then 
these co-ordinates must inake lu, mv, and ntr, all poaitive^ or 
all negative. Suppose lu is positive ; then for anj point on 
the other side ot v s 0, the expression lu becomes negative, 
and thus the co-ordinates of such a point will not satisfV the 
equation unless both mv and nw are aiso negative. But if the 
curve cuts the line v » 0, there will be points on both sides of 
tf => Ijinff on the curve, and it will be possible to change 
the sign of u without changing the signs ot i; and w. Hence 
the curve cannot cut the line u » 0. Similarly it cannot cut 
the lines t? == 0, w = 0. 

The same mode of proof will shew that the curves repre- 
sented by equations (9), (10), and (11), of the preceding article 
cannot cut the lines ti==0, t; = 0, ir = 0. 

311. The forms in equations (5), (6), and (7) of Art. 309 
may be derived from (4) by changing the sign of one of the 
constants. Thus, for example, (5) may be derived from (4) 
by changing the si^ of h In the following article we shall 
use (4) as me equation to a conic section touching the sides 
of a triangle; it will be found that we might have used (5), (6), 
or (7). We shall see in a subsequent article, a case in which 
it is necessary to distinguish the forms. See Arts. 314, 315. 

312. Equation (4) of Art. 309 may be written 

(Zu — mr)* + wi^ (wt(? — 2mt; — 2Ztt) = (1). 

If we combine this with t(7 = 0, we deduce that 

Zu-mv = .(2); 

hence we can interpret the last equation ; it represents a line 
passing through the intersection of v = and v = 0, and also 
through the point where the line ^==0 meets the curve (1). 
It may be shewn as in Art. 304, that 

ni£; — 2wv — 2?M = (3) 

represents the tangent to (1) at the other point where (2) 
meets it. . 
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Similarly we can interpret 

i»v — nws= (4), 

/w — 2wto — 2mt; = (5), 

ntv-lu^^O (6), 

7nv-2ZM-2ntt7 = (7). 

The intersection of (3) with w = 0, of (5) with w = 0, and 
of (7) with 17 = will lie on the line 

lu + mv + nw^ 0. 

The line lu + mv ^0 passes through the intersection of 
w = and v = 0, and also through the intersection of (3) 
and w = 0; hence its position is known. 

Similarly mt? + nw = 0, and nw\-lu = 0, can be inter- 
preted. 

313. To find the equation to the circle described round a 
triangle. 

It will be conyenient in this and the two following articles 
to use the form 

ajcos a + y sin a — y = 

as the type of the equation to a straight line ; we shall there- 
fore put a, )8, 7 for u, v, w respectively (Art 73). 

Let a = 0, )8 == 0, 7 = be the equations to the sides of 
a triangle ; then, by Art. 303, 

l^ + mr/a + nafi = (1) 

will represent any conic section described round the triangle ; 
hence oy giving proper values to l, w, w, this equation may 
be made to represent the circle which we know by geometry 
can be descrioed round the triangle. We might proceed 
thus: in (1) write for a, fi, 7 the expressions which they 
represent, then equate the coefficient of a ?y to zero, and the 
coefficient of a?* to that of y'; we shall xBus have two equa- 
tions for determining j and -, ; and with the values thus 
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obtained (1) will represent the required circle. We leave 
this as an exercise for the student, and adopt another method. 
The equation to the tangent to (1) at the intersection of 
a = 0, and )8 = 0, is, by Art. 304, 

Z/3 + wia = (2). 

Let A^ By C denote the angles of the triangle opposite the 
sides a = 0, )8 = 0, 7 = 0, respectively ; by EucUd, iii. 32, 
the tangent denoted bv (2) must make an angle A with the 
line a = 0, and an angle B with the line )8 = 0. Suppose the 
origin of co-ordinates within the triangle, then the equation 
to the line passing through the intersection of a = and 
)8 = 0, and making angles A and B respectively with these 
lines, is 

asin5 + )8sin^ = (3). 

Thus (2) must coincide with (3) ; therefore 

I sin J. 
wi " sin jB * 

f>,. .-I 1 ^ sin B 

Similarly, n^:^^' 

Thus the equation to the circle described round the tri- 
angle is 

Py sin-4 + 7a sin^B + o/S sin 0^ = 0. 

314. To find the equation to the circle inscribed in a 
triangle. 

Suppose the origin of co-ordinates within the triangle ; then 
for all points on the circle a, )8, 7 are negative quantities 
(see Art. 54). Now the equation to the circle must be of one 
of the forms (8), (9), (10), (11) given in Art. 309 ; the first is 
the only form applicable, namely, 

VC^ + V(tn)8)+V(n7)-0 (1), 

which is eqxuyalent to 

V(-fe) + V(-m/9)+V(-W7)-0 (2). 
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The other fonns are inapplicable, because they would 
introduce impossible expressions. We have then to deter- 
mine the values of Z, w, and n. If we put a = in (1), we 

obtain — = — ; thus — is the ratio of the perpendiculars drawn 
7 w m ^ ^ 

to the sides ^8 = 0, 7 = 0, respectively, from the point where 

the circle meets the line a = 0. Let r be the radius of the 

circle ; then we know from geometry that the perpendicular 

from this point on )8 = is 

G . 

T cot — sin G or 2r cos' ~ ; 
A 2 

a similar expression holds fpr the perpendicular on 7 = 0. 
Hence 



n 


C08«- 


— = 


cos'- 


I 


C08»- 


n 


cos«- 



Similarly 



Hence the required equation is 

A "B G 

cos "H^ Va + COS — Vi8 + cos— V7= 0. 

Vt A A 

315. To find the equation to the circle which touches one 
side of a triangle and the other two sides prodv^ced. 

Let the circle be required to touch the side opposite to 
the angle A and the other two sides produced. Suppose 
the origin within the triangle ; then for all points comprised 
between the side a = and the other sides produced, a is 
positive and fi and 7 are negative. Hence by Art. 309, the 
form of the equation to the circle must be 
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Hence, as before, by considering the point where the circl 
meets the line a * 0, we have 



n 
m 



and — « 

n 




Hence the required equation is 

A B C 

cos-g V(-a)+«n-V/5 + sin -^V7«0. 

Similarly the equations to the other two circles may be 
written down, 

316. The results in Arts. 306 and 312 which hold for 
any conic section, will of course hold for a circle inscribed in, 
or described about, a triangle respectively. We have only to 
use the values of Z, nt, n, found in Arts. 313 — 315. 

317. Let there be any quadrilateral, and let its sides be 
represented by the equations 

f = 0, w = 0, v«0, w = 0, 

then the equation tu + kvw = 0, 

where ^ is a constant, represents a conic section circumscribing 
the quadrilateral. For the equation represents a conic section 
passing through the four points determined respectively by 

t = and V s 0, 1 = and to « 0, 
ussO and 9 = 0, u»0 andti^^O. 

Also by giving a suitable value to k, the equation may be 
made to represent any conic section passing through these 
four points. 



EQUATION TO A CONIC SECTION. 287 

The above equation has the following geometrical inter- 
pretation. If any quadrilateral figure be inscribed in a conic 
section, the product of the perpendiculars drawn from any 
point of the curve on two opposite sides bears a constant ratio 
to the product of the perpendiculars on the other two sides. 

We may observe that the term qtiadrtlateral is often used 
in analytical geometry in a wider sense than in ordinary 
synthetical geometry. Thus, if we have four given points, we 
may obtain three different quadrilaterals by connecting these 
points in different ways. Take, for example, the figure in 
Art. 76 ; and let A, B, C7, JO be the given points. The three 
different quadrilaterals are (1) the figure bounded by AB^ 
BO, GD, DA ; (2) the figure bounded bv A C, CD, DB, BA ; 
which in fact consists of the two triangles GAB and GOD ; 
(3) the figure bounded by AG, GB, BD, DA, which in fact 
consists of the two triangles GBG and GDA. 

Similarly, four given straight lines may be considered to 
form three different quadrilaterals by their intersections. 
Take, for example, the figure in Art. 76, and let the given 
lines be EDG, EAB, AGG, BGD. The three different quad- 
rilaterals are (1) the figure bounded by GG, GE, EB, BG; 
(2) the figure bounded by GD, DE, EA, AG\ (3) the figure 
bounded by AG, GD, DB, BA. 

If four lines have for their equations 

f = 0, t« = 0, t; = 0, 1(7 = 0, 

the conic sections passing through the angular points of the 
three different quadrilaterals which these lines form, may be 
denoted by the equations 

318. We shall next consider the equation 

This represents a conic section which passes through the point 
determined by « = and w « 0, and also through the point 
determined by t; = and tc = 0. Also each of the lines w == 
and i; = UmcJies the conic section where it meets it ; for if 
we combine u = with the above equatioui we see that u? » 
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also, that is, the line u « 0, meets the curve in only one poini 
namely, that point in which u » and i£; » intersect. Bimi 
larlj the line t; » touches the cunre. Thus u = and v = ( 
represent two tangents to the conic section, and w^O repre* 
sents the corresponding chord of contact. 

We may also shew in the following way that the line t# = 
cannot cut the carve ; for points on one side of the line u = 0, 
the expression u is positive, and for points on the other side 
of the line, negative ; hat kw* is of invariable sign ; thas u = 
cannot cut the carve. 

The geometrical interpretation of the above equation is as 
follows. The product of the perpendiculars from any point of 
a conic section on a pair of tangents bears a constant ratio to 
the square of the perpendicular from the same point on the 
chord of contact. 

319. Next take the equation 

This may be written 

{nw + mv) {nw — mv) =» PuK 

Hence by the preceding article 

nto+mv — and ntc— wtvsssO 

are tangents to the conic section represented by the equation, 
and t£ = is the equation to the corresponding chord of con- 
tact. Since these two tangents meet in the pomt of intersec- 
tion of t; — and tc = 0, it follows that this point is the pole 
of t« = 0. 

Similarly we may write the equation in the form 
{nw + lu) {nw — lu) = mV, 

and infer that the point of intersection of t« = and w = is 
the pole of v = 0. 

Hence it follows that the point of intersection of ti = and 
t; = is the pole oiw = 0. See Art. 291. 

320. The following is a particular case of the preceding 

a* + /3» = nV. (See Art. 73.) 
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Suppose the lines a = 0, 13 = 0, at ri^ht angles; then a* + /8* 
is the square of the distance of the point {x, y) from the inter- 
section of a = and )8 = 0. Hence the above equation repre- 
sents a conic section which has 7 = for its directrix, and the 
intersection of a = and ^ = for its focus. The lines 

W7 — a = and wy + a = 

are tangents to the conic section touching it at the extremities 
of the focal chord 13 = 0; also these tangents meet in the line 
ry = ; hence, the tangents at the extremities of any focal chord 
meet in the corresponding directrix. Also the above tangents 
meet on the line a=0, which by supposition is perpendicular 
to )9=0; hence, the line which joins the focus to the intersection 
of tangents at the extremities of a focal chord is perpendicular 
to that focal chord, 

321. If 2* = and v = be the equations to two conic 
sections which meet in four points, then w + Zv = will repre- 
sent any conic section which passes through the four points 
of intersection. This will be obvious after the proofs given 
of similar propositions. 

Also \i w = and «?' = be the equations to two straight 
lines, u + Iww = will represent any conic section passing 
through the four points in which the lines w = and t(7'= 
meet the conic section w = 0. 

Also u-\- 11x^ = will represent a conic section passing 
through the points of intersection of the conic section w = 0, 
and the line w = 0. This conic section will have the same 
tangent as u = at the points where u = and w = inter- 
sect; we might anticipate this would be the case from ob- 
serving the mterpretation of the equation u-\-lww'=0, and 
supposing the line w =0 to approach the line w = 0, and 
ultimately to coincide with it. We may prove it strictly 
by taking one of the points where u = meets w = for the 
origin, and the line w = for the axis of x ; thus u becomes 
of the form 

Aa? + Bxy + Gy^-\-Dx + Ey, 

and we can see, by Art. 283, that 

Ax^'{-Bxy'\'Cf'\-Dx'\-Ey = 
T. C. S. 19 
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have the same tangent at the origin. 

Also by giving a suitable value to I the equation u-\-lw* = 
may be made to represent the two straight lines which touch 
the conic section w = at the points where it intersects the 
straight line w? = 0. This may be inferred from Art. 293 ; 
the equation w? = is equivalent to the equation 

and the equation w = is equivalent to 

Thus by taking Z = — 1 we have u-\-lw^ = yuxy ; and the 
equation ay = denotes the two tangents to the conic section 
« = at its points of intersection with the straight line tt7 = 0. 

322. Pascal's Theorem. TJie three intersections of the 
opposite sides of any hexagon inscribed in a conic section are 
%n one straight line. 

Let r = 0, 5 = 0, f = 0, w = 0, v = 0, ir = 0, 

be the equations to the sides of a hexagon which is inscribed 
in the conic section jS=0. Let the hexagon be divided by a 
new line ^ = into two quadrilaterals, one of which has for 
its sides the lines obtained by equating to zera successively, 
r, «, <, ^, and the other the lines obtained by equating to zero 
successively, w, v, w^ <f>. Now we know that if a, 5, Z, m are 
appropriate constants, the equation to the conic section may 
be written in the forms 

as^ + hrt — and Iv^ -{- muw = ; 

therefore as(f> + hrt and lv<f> + muw must each be identical 
with 8; therefore 

as(f> + brt = lvj> + muw ; 

•'. {as — Iv) ^ = muw " brt. 



. pascal's theorem. 291 

The right-hand member of this equation vanishes when 
u and r simultaneously vanish, and when u and t simulta- 
neously vanish ; also when w and r simultaneously vanish, 
and when w and t simultaneously vanish. Since the left- 
hand member is identically equal to the right-hand, the left- 
hand member must also vanish in* these four cases ; that is, 
one of its two factors ^ and as — h must vanish in each of 
these four cases. By construction, ^ = represents the line 
joining the point determined by r = and t<? = 0, with the 
point determined by ^ = and u = 0; and thiis we see that 
as'-lv = is the line joining the intersection o{ u = and 
r = with that of « = and w — 0. But the line ew — Zv = 
obviously passes through the intersection of « = and v = ; 
therefore the three points determined respectively by 

w = Oandr = 0, < = Oandw = 0, « = Oandv = 0, 

lie on a straight line. 

It is to be observed that if six points be connected by 
straight lines in different ways, as many as sixty figures can 
be formed which may be called hexagons in an extended sense 
of that word. Thus for six given points on a conic section 
there will be sixty applications of Pascal's Theorem. 

323. Let ^ =: be the equation to a conic section, and 
w = 0, t; = 0, t<? = 0, 
equations to three straight lines ; then 

represent curves of the second degree touching the proposed 
conic section. By properly choosing w, i?, w^ Z, m, n, we may 
make each of the last tnree equations represent a pair of 
straight lines touching « = 0. (See Art. 321.) Thus, if 
there be a hexagon curcumscribed round the conic section 
« = 0, the equations 

^-ZV = 0...(1), «-wV = 0...(2), «-nV=0...(3), 

may be taken to represent the six sides of the hexagon. 

19—2 
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By combining (1) and (2) we obtain 

» - Pw* - (« - mfv^ = 0, or {mv — lu) {mv + lu) = 0...(4), 

for the equation to a pair of lines which pass through the 
intersections of (1) and (2). 

Similarly {nto — mv) {nw + mv)=sO (5) 

represents a pair of lines which pass through the intersections 
of (2) and (3).- And 

{lu^nw) {lu + nw)=0 (6) 

represents a pair of lines which pass through the intersections 
of (3) and (1). 

The six lines which we have obtained may be arranged 
in four groups, each containing three lines which meet in a 
point, namely, 

mv — lu^ 0, nw? — wv = 0, lu — nio^ 0, 

mv + lu=^Oy nw.+ mv=^ Of Zw — ww? = 0, 

mv + lu = 0, nw — wiv = 0, lu + ntD = 0, 

mv^lu== 0, mo + mv = 0, lu + nw = 0. 

This result is consistent with Brianchon's theorem; if a 
Jiexagon he described about a conic section the three diagonals 
which join opposite angles meet in a point. 

For suppose that a hexagon is described round a conic 
section, and let its angular points be denoted by -4, jB, (7, i>, 
E^ F. By properly choosing w, v, w, I, m, n, we may make 
equation (1) denote the lines AB and DE, equation (2) denote 
the lines £0 and EF^ and equation (3) denote the lines CD 
and FA. We will now examine what lines are determined 
by equations (4), (5), and (6). Equation (4) determines the 
two lines which pass through the intersections of the lines 
determined by (1) and (2) ; and as the signs of I and m are 
at present in our power we may take them so that mv — lu^O 
shall represent the line BE, and then mv + lu = will repre- 
sent the line joining the point which is common to AB and 
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JEF with the point which is common to BG and DE. Simi- 
larly as the sign of n is still in our power, we may take it 
so that nw — mv=^0 shall represent the line CF, and then 
ntr + wiv = will represent the line joining the point which 
is common to BG and FA with the point which is common 
to GD and EF. One of the two lines represented by (6) is 
-42), and the other is the line joining the point which is 
common to DE and FA with the point which is common 
to GD and AB\ it is however not obvious how we are in 
general to discriminate between these two lines. Thus the 
proof of Brianchon's theorem is not perfectly satisfactory, 
and accordingly we shall give another proof by which the 
theorem is deduced from that of Pascal. 

Let the angular points of the hexagon be denoted as 
before by the letters -a, jB, (7, i>, E^ F. Let the line be drawn 
which passes through the points of contaxst of the conic sec- 
tion and the tangents AB, BG; also let the line be drawn 
which passes through the points of contact of the conic sec- 
tion and the tangents DE, EF; and let P denote the point 
which is common to these two lines. Then P is the pole of 
BE; see Arts. 103, 120, 289. In the same way we may 
determine the pole of CF which we shall denote by Q, and 
the pole of AD which we shall denote by R. By Pascal's 
theorem P, Q, and ^ lie in a straight line ; hence CF, BE, 
and AD meet in a point, namely, in the pole of the line 
PQR; see Art. 291. 

For further information on the subject of this chapter the 
student is referred to Salmon's Gonic Sections. 



EXAMPLES. 

1. Shew that if a — c : a' — c :: J : h\ a circle may be 
described through the intersections of the two conic sections 

aa? '\-hxy + cj^ '\- dx •{- ey -!-/= 0, 

aV + Vxy + cy + d!x + e'y +/= 0. 

Find also the condition that a parabola ma;^ be described 
passing through the origin and the points of intersection of 
these curves. 
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2. Two conic sections have their principal axes at riglit; 
angles ; shew that a circle will pass tnrough their points of 
intersection. 

3/ The equations to two conic sections are 

-4^" + 2jRry + Caj* + 2.4'a; = 0, 

aj^-\- ibacy '\' csf •{- 2a'x = 0. ^ 

Shew that the lines joining the origin with their points of 
intersection will be perpendicular to each other if 

4. An ellipse is described so as to touch the asymptotes 
of an hyperbcda ; shew that two of the chords joining the 
points of intersection of the ellipse and hyperbola are parallel. 

5. If a)8 = c' be the equation to an hyperbola (Art. 73), 
then a)8 = 0, a* — jS" = 0, a* — n'jS" = 0, are the respective equa- 
tions to the asymptotes, the axes, and a pair of conjugate 
.diameters, n being any constant. 

6. The straight lines which bisect the angles of a triangle, 
meet the opposite sides in the points P, Q, B, respectively; 
find the equation to an ellipse described so as to touch the 
sides of the triangle in these points. 

7. From any point two straight lines are drawn, one in- 

plined at an angle a, the other at an angle— +gc, to the axis 

of a parabola ; shew that another parabola may be described 
whicn shall pass through the four points of intersection, 
whose igcis is inclined at an angle 2a to that of the given 
parabola. 

. 8. Prove that the equation to the conic section which 
passes through the point {h, h)^ and touches the parabola 
y^ = lx at the vertex and at an extremity of the latus rec- 
tum, is 

, , (y»-&)(4-2A)«=(y-2ic)V*»-a). • 

Shew that it is an ellipse or hyperbola according as the 
point (A, h) is within or without the parabola. 
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9. A conic section touches the sides of a.triangle ABC in 
the points a^hyc; and the straight lines -4a, Bb^ Ccy intersect 
the conic in a, h\ c'; shew that 

(1) the lines Aa^ Bh^ Gc pass respectively through the 
intersections of Be' and Cb\ Ca and Ac', Ab' and Ba\ 

(2) the intersections of the lines ab and ab', be and b'c\ 
ac and a'c', lie respectively in AB, BOy CA. 

10. A conic section is described round a triangle ABC ; 
lines bisecting the angles of this triangle meet the conic in 
the points A', B\ C\ respectively ; express the equations to 
a:b, AC, AB. 

11. If a conic section be described about any triangle, and 
the points where the lines bisecting the angles of the triangle 
meet the conic be joined, the intersection of the sides of the 
triangle so formed with the corresponding sides of the original 
triangle lie in a straight line. 

12. Interpret the equation 

how many parabolas can be drawn through four given 
points ? 

13. Ifw = 0, t; = 0, ti> = represent the sides of a tri- 
angle, shew that the sides of any triangle which has one 
angle on each side of the former may be represented by 

w u 1 v ^ 

u + nv + — = 0, - + i; + fci(?=0, mM + y + t(; = 0, 

where Z, m, n are constants. 

Find also the relation which must hold between Z, my n, in 
order that the lines joining corresponding angles of the two 
triangles may meet in a pomt. 

14. A circle and a rectangular hyperbola intersect in four 
points, and one of their common chords is a diameter of the 
hyperbola; shew that another of them is a diameter of the 
circle. " 
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15. ACA' is the major axis of an ellipse, Pany poixit oi 
the circle described on the major axis, APy A'P meet thi 
ellipse in Q, Q] shew that the equation to QQ' is 

(a* + ft") y sin d + 2&*a? cos d - 2ay « 0, 

the ellipse being referred to its axes, and 6 being the ang-Ie 
ACP. 

If an ordinate to P meet QQ in jB, the locus of ^ is an 
ellipse. 

16. The locns of a point such that the sum of the squares 
of the perpendiculars iawn from it to the sides of a given 
triangle shall be constant, is an ellipse ; and if the constant 
be so chosen that the ellipse maj touch the side opposite to 
the angle AmD^ then 

CD : BD :: ft* : c*. 

17. With the notation of Art. 313, shew that the equation 
to the line through C and the centre of the circle is 

a coBB^fi coqA. 

18. Suppose in Art. 313 that JD is the middle point of the 
Bxc AB; then the equations to BD and AD are respectively 

a sin C7+ 7 (sin -4 + sin ^ = ; 
/5 sin 0+y (sin A + sin J?) = 0. 

19. In Art. 309, equation (4), if A', S, C be the points 
of contact of this triangle and conic section, shew that the 
equation to A'B is 

Ztt + wi» — nw = 0. 

20. In the figure of Art. 292, suppose w = the equation 
to ACy 17 = the equation to BD^ ana ti; = the equation to 
EF, and that 

Pw* + mV-nV = 

represents a conic section passing through A^ B, C, D; then 
express the equations to the tangents at A^ By C7, jD, and sJso 
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to the lines ABy BG, CD, DA. Shew also that the line FG 
passes through the intersection of the tangents at A and B, 
and of those at G and i>. 

21. Find the condition that the line 

may touch the conic section 

V(^w) + \l{rnv) + \/{nw) = 0. 

22. Give a geometrical interpretation of equation (1) in 
Art. 304, and shew that it is a particular case of the theorem 
in Art. 317. 

23. Interpret the last equation in Art. 313 ; deduce the 
following theorem ; if from any point of the circle which 
circumscribes a trianffle, perpendiculars are drawn on the 
sides of the triangle, the feet of the perpendiculars lie in one 
straight line. 

24. If ellipses be inscribed in a triangle each with one 
focus in a fixed straight line, the locus of the other focus is 
a conic section passing through the angular points of the 
triangle. 

25. Three conic sections are drawn touching respectively 
each pair of the sides of a triangle at the angular points where 
they meet the third side, and each passing through the centre 
of the inscribed circle ; shew that the three tangents at their 
common point meet the sides of the triangle which intersect 
their respective conies in three points lying in a straight line. 
Shew also that the common tangents to each pair of conies 
intersect the sides of the triangle which toucn the several 
pairs of conies in the above three points. 

26. With the angular points of a t^angle ABG as centres, 
and the sides as asymptotes, three hyperbolas are described, 
having -4', B^ G' 9A their vertices respectively: prove that if 

AA sin 4 = SB' sin | = CO' sin- , 
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the intersections of each piur of hyperbolas lie on the asds < 
the thirds 

27. The necessary and sufficient condition in order tha 
the ea nation W + mi8"+w/ = may represent a rectangnJa 
hjperoola is Z+m + n = 0. 

28. Shew that V(fet) + V(»»i8) + ^/{ny) = represents ir 
general an ellipse, parabola, or hyperbola according as 

is positive, zero, or negative ; where a, J, c denote the lengths 
of the sides of the triangle formed by a = 0, )8 = 0, 7 = 0. 

29. Shew that ^^87 + nvyoL + na/S = represents in general 
an ellipse, parabola, or hyperbola according as 

Pa* + mV + nV - 2lmah - 2mnbc - 2nlca 

is negative, zero, or positive. 

30. Find the condition that the line 

may touch the conic section 

31. Find the fourth point of intersection of the conic 
sections 

Ivto + mwu + nuv = 0, 

and I'vw + mwu + n'uv = 0. 

32. Shew that the equation to the radical axis of the 
circles inscribed in a triangle and circumscribed about it is 

ABO 

a cosec-4 cos* — +^ cosec^cos*— 4- 7C0sec (7 cos*- = 0. 

33. Find the equation to the diameter of the curve 

Ifiy + mya + na^^O 

which passes through the point of intersection of the lines 
/3 = and 7 = 0* 



EXAMPLES. 299 

34. Find the equation to the tangent to the curve 

which is parallel to the line 7 = 0; and thence shew that the 
centre of the curve is determined by 

g ^ ^ ^ 7 
mc + nb na+lo Ib + ma" 

35. From a point P two tangents are drawn to a conic 
section meeting it in the points M and N respectively ; the 
line through JP which bisects the angle MPN meets the 
chord MN in Q ; any chord of the conic section is drawn 
through Q ; shew that the segments into which the chord is 
divided by the point Q subtend equal angles at -P. 
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CHAPTER XVI. 



SECTIONS OF A CONE, 



ANHARMONIC RATIO AND HAltMONK 
PENCIL. 



Sections of a Cone* 

324. We shall now shew that the curves which are 
included under the name conic sectioned can be obtained bj 
the intersection of a cone and a plane. 

Def. a cone is a solid figure described by the revolution 
of a ri^ht-angled triangle about one of the sides containing 
the right an^le, which remains fixed. The fixed side 
called the axis of the cone. 



IS 




Let OH be the fixed side, and OHG the right-angled 
triangle which revolves round Off. In order to obtain a 
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cone such as is considered in ordinary synthetical geometry, 
we should take only a finite line OG] but in analytical 
geometry it is usual to suppose OG indefinitely produced both 
ways, A section of the cone made by a plane through OH 
and OC will meet the cone in a line c)J?, which is the 

Eosition OC would occupy after revolvinff half way round. 
<et a section of the cone be made by a plane perpendicular 
to the plane BOG; let AP be the section, A bemg the point 
where the cutting plane meets OG; we have to find the 
nature of this curve AP. Let a plane pass through any point 
Pof the curve, and be perpendicular to the axis OH; this 
plane will obviously meet the cone in a circle DPU, having 
its diameter DE in the plane BOG. Let MP be the line 
in which the plane of this circle meets the plane section we 
are considering, ilf being in the line BB. Since each of the 
planes which mtersect in MP is perpendicular to the plane 
BOG, MP is perpendicular to that plane^ and therefore to 
every line in that plane. 

Draw AF parallel to EB, and JfLparallel to OB; join 
AM. Let AM=x, MP^y, OA = c, HOG=a, OAM^O; 
the angle -4-ML will be equal to the inclinatioaof ^Jf to OB, 
that is, to TT — ^ — 2a. 

^ MB _ sin MAB _ sin ^ ^ ^^_a3sin^ 

MA" ^m MB A cosa' ** "" cos a 

EM^^FL-^FA-AL^^cAua-AL; 

AL _ sin AML _ sin (tt— ^ — 2a) ^ 
AM" sin ALM" • /-^ . ^ ' 



sm{ 

. jjr^ a^sin(g + 2a) 
cos a * 

„,, ^ . a; sin (^4- 2a) 

.•. ^Jf=2csma ^^ -. 

cos a 

But, from a property of the circle, MP^ = EM. MB ; 

« oj sin ^ f ^ . X sin 10 + 2a)l 

^ cosa [ cosa j 
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If we compare this ec^uatlon with that in Art. 282, Tre si 

that the section is an elhpse, hyperbola^ or parabola, accor( 

sin d sin (5 + 2a) . ^. .^. ^, 

mg as J IS negative, positive, or zero, thi 

cos oc 

is, according as d + 2a is less that tt, greater than tt, c 

equal to w. 

Hence if AM is parallel to OB the section is a parabola 
if AM produced through Jf meets OB the section is an ellipse, 
if ^if produced through A meets OB produced through O the 
section is an hyperbola. 

If c = the section is a point if d + 2a is less than tt, two 
straight lines if ^ + 2a is greater than tt, and one straight line 
if ^ + 2a= TT. The section is also a straight line whatever c 
may be, if ^= or tt. 

The equation above obtained may be written 

, _ sin g sin {0 + 2a) ( 2c sin a cos a _ .1 
^ ■" cos"a tsin(«+2a) * j^ 

suppose 0'^2a^ to be less than tt, so that the curve is an 
ellipse; then by comparing this equation with the equation 

y« = -^ (2ax — oj"), we have 



a 



2c sin a cos a ft* _ sin g sin (g 4- 2a) 
"*"" sin(^+2a) ' a« ^^^ * 

T»u„- A c sin 2a „ c* sin* a sin d 

^^^ '^ = sin(g^2a) > ^" sin(<)-h2a) - 

Also c^- 1 y _ cos'a- {sin* (g+a) -sin'a} ^ cogjg+g) 
a" cos* a cos* a 

If we suppose in the figure of Art. 324 that ^Jf is pro- 
duced to meet the cone again in A\ then 2a = AA\ as might 
have been anticipated ; dso b may be shewn to be a mean 
proportional between the perpendiculars from A and A' on 
the axis OH. Similar results may be obtained when the 
curve is an hyperbola. 
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Anharmonic Ratio and Harmonic Pencil. 

325. We will now give a short account of anharmonic 
ratios and harmonic pencils, which are often used in investi- 
gating and enunciating properties of the conic sections. 

Let there be four straight lines meeting in a point ; then 
if any straight line ADGB be drawn across the system, 

-Tri -^ -rTPi wiU bc a constant ratio. 
AG DC 




Suppose the point where the lines meet ; then 

AB^^nAOB 
AO^BinABO' 

AG_ HmAOG 
AO'smAGO' 

AB sin AOB ain AGO 
•'• AG" Bin AOG' Bin ABO' 

DB Bin BOB Bin B GO 
DG^BmBOG^BinDBO' 

AB DB Bin AOB Bin DOB 
•*• AG * DG" Bin AOG ' sinDOG' 



Similarly 
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Now suppose any other straight line ADC'B' draw 
across the system, then since AOidjA A' OB* are the sam 
angle, and so on for the other angles, we have 

ABDBAE^ BJff 

AC' DC AC • lyc 

which proves the proposition. 

Similarly we can prove that each of the following is s 
constant ratio, 

AB__CB , AG BC 
AD • CD *^^ AD ' BD' 

326. Defs. ' Any four lines meeting in a point form a 
peTiciL 

A straight line drawn across a pencil is called a trans- 
versed. 

Any one of the constant ratios -jr^ -^ ^Ty > -rjy -^ jtjj > 

~Tn'^~^]) IS called an anharmanic ratio of the pencil. 

The pencil is called harmonic liAB.DC^AD. BC, that 
is, if the rectangle formed by the whole line {AB) and the 
middle part {DC) is equal to the rectangle of the other two 
parts {AD), {BC). 

327. The harmonic pencil is so called because it divides 
any transversal harmonically. For since AB .DC= AD . jBC, 

AB BC 
AD^DC 

that is, if we call AB, AC, AD, the first, second, and third 
quantities respectively, the first is to the third as the differ- 
ence of the first and second is to the difference of the second 
and third. 

When the pencil is harmonic one of the three constant 
ratios of the pencil is equal to unity. 
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We shall sometimes select one of the anharmonic ratios of 
a pencil, and confine our attention to it, and shall then speak 
of the selected ratio as ike anharmonic ratio of the pencil. 

328. Suppose 0-4, OB, OC, OD form an harmonic pencil; 
if we take any new origin (7, and join O'A, OB, O'G, O'D, 
these four lines form a new harmonic pencil ; for the trans- 
versal ABGD is cut harmonically. 

329. The anharmonic ratio of a pencil is not altered if 
the transversal meet the lines of the ^&nz\\a prodiLcedy instead 
of the lines themselves. 




Suppose OA, OB, 00, OD to he a pencil, and let a 
transversal A'B' CD' meet three lines of the pencil, and the 
fourth AO nroduced in A\ The angles A' OB', A OB are 
supplemental ; and so are A OD, A OU ; and so on. Hence 
any anharmonic ratio formed on ABGD is equal to the cor- 
responding ratio formed on A'B'G'D', 

330. Suppose AB . GZ> = AD. BO, so that OJl, OB, G, 
OD form an harmonic pencil. By the last proposition 

A'B' CB^ AB OB 
AD' • CD'" AD ' CD^^' 

.-. 0A\ OB', 0G\ OD' form an harmonic pencil. 
T. c. £U 20 
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Similarly 00\ 0B\ 0A\ and DO produced through C? 
will form an harmonic pencU. Thus from one harmonic 

Sencil bj producing the lines through the yertex, we can 
erive four other harmonic pencils. 

331. The lines whose equations are a==0, /8= 0, a— A:/8=0, 
a + A*/8 = form an harmonic pencil. 




Let OM be the line a = 0, 

ON /8 = 0, 

OP a-A/8 = 0, 

OQ a + h^^O. 

Let a transversal meet the pencil in mpng^ ; then (Art. 72) 

sin POM _ J _ sin QOM 
BinFON^ sinQON' 

Bin POM ain QON _ 



" sinPON' am QOM 

(as in Art. 325)^^.^ = 1; 
pn qm 

.'. pm . qn =^n • qm. 
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The same result will follow if we draw the transversal in a 
diflTerent position. The harmonic pencil is so formed that its 
outside Imes are always one of the two a = and /8 =i 0, and 
one of the two a — ifcyS = and a + i)8 = 0. 

332. The anharmonic ratio of the four lines a = 0, /8 = 0, 
a-A;/3 = 0, a + A;'/3=0, is^. 

For as in the preceding article we have 

sinPQJlf sin QOM J, 

sin FON^^' sin QON^^' 

k 
therefore, by Art. 326, rr expresses the anharmonic ratio. 

333. Article 331 will also hold if the equations to the 
lines be w = 0, v = 0, w — yfcv = 0, and u+kv =0. For, by 
Art. 57, we have u = \a, v = fiff, where \ and fi are constant 
quantities ; hence the equations u — kv = and u + kv = 
may be written Xa — i/tp = and \a + A:/x.)8 = 0, or a — kff = 

and a + k'ff = 0, where Aj' = -=^ . Hence Article 331 becomes 

immediately applicable. 

334. The four lines EB, EC, EG, EF, in Art. 76, form 
an harmonic pencil ; for their equations are 

1^ = 0, i(; = 0, Zw — wi(7 = 0, lu-\-nw=^0. 

By sjrmmetry FB, FA, FO, FE, will also form an harmo- 
nic pencil. 

Also QD, 00, OF, OE form an harmonic pencil, for their 
equations are respectively 

Zm — 7»v = 0, mv — nw=^0, ?w— wt? — (wr — wi^) =0, 

lu^ mv +mv --nw =^ 0. 

335. A straight line drawn through the intersection of two 
tangents to a conic section is divided harmonically by the 
curve and the chord of contact. 

20—2 
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Befer the carve to the tangents as axes ; its equation vrill 
be of the form (Art. 293) 

g + |.l)V^ = (1). 

Suppose a straight line drawn through the origin, and let; 
its equation be (Art 27) 

f-2" p)- 

Thus the distances from the origin of the points of inter- 
section of (1) and (2) will be the yalues of r found from the 
equation 

(1+?-?)+'^-' '"• 

If r' and r' be the roots of the equation, we have 

1 1 ^ /Z m\ ,^. 

7+7'-^[h^T) (*)• 

Also the equation to the chord of contact is 

M-'-" w- 

Hence for the distance (r J of the point of intersection of 
(2) and (5) from the origin, we have the equation 

Ir. , mr. ^ 1 I m ,.. 

_» + _i = l, or-=j + ^ (6). 



From (4) and (6) we have 

2_ 1 
rrr' 

thus r^ is an harmonic mean between r' and r". 



rrr'^r"* 
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Since LMNO is divided harmonically, if from any point in 
AB we draw lines to Zr, Ny and 0, these lines with A^ form 




an* harmonic pencil. A particular case is that in which the 
point in AB is the intersection of the tangents at N and X, 
which we know will meet on AB, (See Arts. 103, 186.) 

336. Let Ay JB, (7, D be four points on a conic section, 
and P any fifth point. Let a denote the perpendicular from 
P on ABy 13 the perpendicular from the same point on BG, 
7 on CZ>, 8 on DA. Then by Art. 317 we know that 
wherever P may be, a7 bears a constant ratio to I3B, Now 
AB . a = twice the area of the triangle PAB 

^^PA.PB.BinAPB; 

PA.PB.BJnAPB 

•*• "*"" AB • 

Similar values may be found for /8, 7, 8. Thus 

PA.PB.PG.PD . .™ . ^o^ 

, ^ ^-, sin APB . sm GPD 

AB. GD 

bears a constant ratio to 

PA.PB.PG.PD . ^p^ . j.^, 

5^77 — Tn 8111 DPG . sin DPA : 

BG.AD 

. sinAPB.sinGPD. * * *i, ^ • *i. '^ 2 

.'. . pprr — ' T>PA ^^ ^^^s**^*> *^** ^> ^^ pencil drawn 

from any point P to the four points -4, 5, C> JD, has a constant 
anharmonic ratio. 
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CHAPTER L 

8. Thb co-ordinates of 2) are ^ (a, + x^) and i(yi +yj. The 
co-ordinates of (7 are J(a5, + «, + x,) and i^i + y, + yj. 

10. Let r and 6 be the polar co-ordinates of C, Thea the 
angle AOC^ the angle BOG ; that is, «-«=«, -tf; .-. * =i(fli4-tf,). 
Again, from the known expression for the area of a triangle 
(see Triganomeiry, Chapter xvi.), we have 
triangle AOB = ^r^r^ sin (tf, - e^\ 
triangle AOC = ^r^r sin (tf - 6^), 
triangle -BOC = J r,r sin (tf , - tf). 
Thus r,r, sin (tf, - tf, ) = r, r sin (tf - tfj) + r,r sin (tf , - tf ) 
= r(r, + rj8ini(tf,-e,); 
.-. r(r, + rj = 2r,r, cos i(tf,-e,). 

CHAPTER III. 

1. (l)y + 2a; = l. (2) x^2. (3) y = aj. (4)j; = 0. 

2. y-4=-3(«-4), y-4 = J(a:-4). 

3. y-l = (V3-2)«, y-l=-(^3 + 2)«. 



6. 


90», «=-4, y=|. 


7. 60». 


a iS\ 


9, 


y=*(a!-o). 10. 


y=«. 


11. 2^2 



ah 


U 


X y \ \ 


a + 6 




a' b^ a b' 
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15. (1) The origin. (2) Two straiglit lines, y = x and y = — x. 
(3) Two straight lines, x=0 sjxdx+y = 0. (4) Theaxes. (5) Im- 
possible. (6) Twostraight lines, a;=0 and^ = a. 16. (1) Two 
straight lines, x = a and y = b. (2) The point (a, h). (3) The 
point (0, a). 17. The lines y = x and y = 3x, 19. Ay = 59Sy 
and 3y + 2a;~20 = 0. 20. Let a be the length of the side of 
the hexagon ; the equations are to AB, y = ; AG, y JZ = x ; 
AB,y^xjZ\ AB,x=0; AF,y + xj3 = 0; BG, y^j3(x-a) ; 
BD,x = a) B£,y+J3{x'-a)=0; BF, yJ3 -h x-a = ; CD, 
y + xJ3 = 2aj3; GE, y jB + x = 3a; GF, 2y = a J3 ; BE, 
y=:^3a; BF, yj3'-x=2a; EF, y-xJB^aJB. 21. If 

(®i» yi)> (^a> y^j (*8» y^ ^ *^® angular points, the co-ordinates of 

X A" X It ^ 1J 

the point midway between the first and second are ^ * , ^' ^» ; 

J 2 

similarly the co-ordinates of the point midway between the second 
and third points are known j and then the required equation can 

be found by Art 35. 22. ^?^ tan a>. 24. - +?= 1, 

w — 1 a 

-—%} tangent of the angle between them — ^ — ^j- . 29. The 
points whose abscissae are a + ^ J{'^* -^ ^*) and a - r J{cf + 6'). 

31. ^^^^Zj^. 35. 90^ 36. i?'(^ = gives a system 

of lines through the origin; sin Stf = gives the three lines y = 0, 
y = xJ3, y = -'xj3. 40. The second pair of lines bisect the 
angles included by the first pair. 44. Let ABG be the triangle ; 
take A for the origin and lines through A parallel to the two 
given lines as axes; let oj^, y^ be the co-ordinates of B, and x^, y^ 
those of G. Then it may be shewn that the equations to the three 
diagonals mentioned are 

from these equations it may be shewn that the three diagonals 
meet in a point. 45. Take as origin and use polar equation^ 
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to the given fixed straight lines. 46. Let x^ be the abscissa of the 
point of intersection of the two lines; then the area of the triangle 
is i(c, — Cj)a5j. 47. This may be solved by Art. 11. Or we 
may use the result of the preceding question ; for by drawing a 
figure we shall obtain three triangles to which the preceding 
question applies, and the required area is the difference between 
two of these triangles and the third. The result is 

\2{m^-m^) 2{m^'-ni^ 2{m^'-m^))' 
which may also be written thus 

That sign should be taken which gives a positive result. 



CHAPTER lY. 



1 a?.y_«.y 

1. — + T = ~7+T7' 

a a a 



7. Since the required line is parallel to the line considered in 
Example 5, we may assume for its equation 

a cos^ — )8 cos5 + ^=0, 

where h is some constcmt to be determined. Kow at the middle 
point of AB, we have 

-a = -^sin-ff, -)8 = nsin-4; 

c c 

therefore — 5 sin 5 cos A + - aiaA cos J5 + k = ; 

thus h is determined. 

13. («i7i'-w'w)t* + (wZ'-w'Qi? + (W-?w»)«7 = 0. 

14. 06 (w — v) + c (6 + a) w? = 0. 

15. Assxime for the required equation la, + m^ + wy = ; at the 
centre of the inscribed circle a = j3= y ; thus ? + m + w = 0; at the 
centre of the circumscribed circle a, )8, y are proportional respec- 
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tively to cos ui, cos B, cos G; thus I cob A +m cob B + n cos (7= 0. 
Hence tlie required result may be obtained. 

18. ToCP, 2mv-nw = 0; to DP, 2lu'-2mv + nw = ; 
to AQylu — 2mv + 2nw = ; to BQ, lu — 2mv = 0. 

23. It may be shewn that if w = 0, v = 0, w = denote the 
sides of the triangle, the lines AP, BP, CP may be denoted by 
mv — WW? = 0, nw — lu = 0, and lu — mv =0 respectively ; then 
the equations to the other lines can easily be expressed. 

24. Tate a = 0, )8 = 0, y = to represent the sides of the 
triangle -4 '^'(7; then the equations to 5(7, GAyABynLl be respectively 
^ + y = 0, y + a = 0, a + )8 = 0. Then the equation to -4^4' will be 
^ — y = 0, so that AA' is perpendicular to BC. 

25. The equation to 0(7 is j3-y=0; take )8 - y - Xa=0 
for the equation to the line drawn through JD. Then it will be 
found that the equation to OF is j3 — y — X (a — y) = 0, and that 
the equation to 0'£ is j3-y-X (a + )8) = 0. Thus at the point P 
we have j8 = - y. The same relation holds at the point Q. 

CHAPTER Y. 
1. {^^yy^a%a?^f). 3. y"=cV2a/-^. 

4. y" sin* a = 4aa:'. 6. By Art. 83, we have 

8in(a)-a) sin(<i)-j8) , sin a , sin^ 

fii = — r ^, 7* = 7 1 fn=— — • n=— — . 

smo) Bino) sincD sino) 

CHAPTER VI. 

1. (1) Co-ordinates of the centre 2 and — 2, radius 3. 
(2) Co-ordinates of the centre — 3 and f , radius f . 

2. The first line meets the circle at the points (- 4, 3) and 
(3, -4) ; the second at the points (0, - 5) and (- 5, 0) ; the third 
touches it at the point (— 4, - 3). 

8. For determining the abscissse of the points of intersection 
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wehave a5»(l+S) + ^(*-*)«-2aaj + ifc'-26* = 0; if the line 

touches the circle we must have (*6-Aa)'+2AA(A»+W)=:^*^. 

9. 2y + 3a;=»0. 14. x' + y*-ay-A»-ity==0. 

15. Inclination of axes 120*; co-ordinates of the centre each = A ; 

radius = h, 16. Inclination of axes 60*; co-ordinates o£ the 

h h 

centre each = ^; radius- -.^. 17. a^-Hy* + ayiy2 — 9 = 0. 



18. a5* + y*-»-ay + aj + y-l=0. 19. ^^ jr-; ^. 

^ ^ ^ 2sin<tf 

23. «'+y' = «(« + ^); ^'^nlcosTtf-lV 27. Acircle. 

28. ITse the equation in question 26. 29. Using polar 

co-ordinates, we have 

r+ V(^ + a*-2ra costf)= /|r' + a*-2m cos T^ - tf^j; 

reduce and we get < <y3r -2aco«ftf— ^j> =0; thus the locus is 

the circle circumscribing the triangle. 

30. sin'a + sin'j3 + sin*y+ ... = cos* a + cos* /3 + cos* y + ... 
and sin 2a + sin.2/9 + sin 2y+ ... =0. 

32. If the perpendiculars are both on the same side of the line 
the locus is a circle ; if on different sides the locus consists of two 
straight lines. 33. A cdrole. 34. A circle. 36. Solve 
the quadratic in r ; it will be found that r = 2a cos or — a sec ; 
thus the locus consists of a straight line and a circle. 

38. Take the extremity of the diameter as the pole ; it will 
follow from Example 37, that the tangent at P is represented hj 
the equation 2c cos' a = r cos (2a — 0), and the tangent at Q by the 
equation 2c cos* )3 = r cos (2)3 - 6). These tangents meet at T^ so 
at that point we have 

cos(2a-g) ^ co6(2/?-g) ^ 
cos* a ~ cos*)8 ' 

from this we shall find tan = ^ — ^ -. 

2co6p cos a 
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BO that if G be the centre of the circle Gt = ^ ^ • 

2 cos p cos a 

Hence we can shew that Gq-Gt = Gt-Gp. 

CHAPTER YH. 

J 1 3cLu 

4. a? = y, and a: + v = = . 

a + 

5. Let y = wia; be the equation to one line ; then 

^-^^)^' .••8'(i+«.-)=(y.-««.)'; 

this is a quadratic for finding m, and we may replace «» by - . 

on 

6. AV + <J'a'-hB'ac + AGb'-2AGac--Bb(Ac-hGa) = 0. 

CHAPTER YIII. 

1. y=2x. 2. ^=5ax — a:^. 3. The locus consists 

of two parabolas of which the centre of the circle is the common 
focus, and the directrices are the two tangents to the circle which 
are parallel to the fixed diameter. 4. The second curve is 

a parabola having its axis coinciding with the negative part of 
the axis of y ; the curves intersect at the origin and at the point 
a;=4a, y=-4a. 5. y = x + a. 6. tan"*^. 7. y + a; = 3a. 
8. At the point (9a, - 6a) ; length 8a J2. 9. y = 2a ^3, 

a: = 3a. 11. The abscissa of the required point is or 3a. 

13. The curve is a parabola having its axis parallel to that of y, 
and its vertex at the point a? = i, y = i- The line is a tangent at 
the point aj=l, y = 0. 20. Abscissa of required point is 

^^?^' + y'y,oniinate-(^ + y')i length of chord |5(4a»+y'»)i 

22. Locusof©, 0?=- 2a. Locua of ^, a" = ay*. 23. Refer 

the parabola to FT and the diameter at P as axes. See Art 151. 

25. See Art. 155. 27. Transform equation (1) of Art. 125 

J. X J t, 11 J J o cosg^V(cos2g) 
to polar co-ordinates, and we snail deduce r=Za ^. «^ • 
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28. Use the result of the preceding example. 

29. r=2a?i^^^i;^^L?^. 30. The locus ia a pa- 

rabola ; see Art. 1 47. 32. Jx + Jy = J{a2 ^2). 

33. (y'-aO'-8««V2 = 0. 34. «*+y'-«(a+a;')-yy'-+- ««^= ^- 

37. Use the result of example 5, Chap, tl 41. The equation 

toone tangent can be vritte]i^=m(a;4-a) + — I (see example 40), 

and that to the other y = (x-k-a')- a!m. By eliminating m 

we have for the required locus a? + a + a' = 0. 42. Take for the 

equation to the chord y = m;i; 4- n ; then to find the abscissa of the 

middle point of the chord we must take half the mm of the roots 

. 2a — tnn 
of the equation {mx + n)' = 4aa5 ; so that the abscissa is i — . 

Now since the chord Umchea the parabola y* = 8a («- c) the equa- 
tion (ma; + w)* = 8a (a? — c) must have equal roots ; by means of this 

condition it can be shewn that s — = c. 44. Form the 

m' 

equation which determines the ordinate of a point in a parabola 
such that the normal shall pass through a given point ; the equa- 
tion will be a cubic. 45. The tangents of the inclinations to 
the axis of x of the three normals that can be drawn through a 

point {x, y) are determined by the equation *n'-l-m(2 j +-=0. 

See Art. 135. Suppose m^ , wi^ , m, the roots of this cubic, then by the 
theory of equations wi^ + w, + m, = 0, mjn^ + mjn^ + fn^m^=^ - - , 

m^m^m^ = — - ; if two of the normals are at right angles we may 
a 

put mjn^ = - 1 j froni these equations by eliminating m^ , m,, and m^^ 

we find y'=a{x" 3a). 46. By the breadth is meant the distance 

between the two tangents which are parallel to P©. 47. - ,, ,7 , ^ . 

V(^ +4a*) 

55, The equation y = mx + — represents a tangent to the parabola i 

m 

if this passes through the point (hy k) we have i =mA+— ; also 
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m = 7 , where (aj, y) is any point on tlie tangent ; tlius 

^ —7 h = -^- — T— ; tHs will give the first form of the equation. 

The second form maybe deduced fix)m the first ; the student will see 
hereafter what suggested the second form; see Arts. 321 and 322. 
5 6. The equation y*= 4aa; represents the parabola ; and the equation 
hy — 2aaj = ^ah represents the chord of contact ; hence the equation 
4raaj ijcy — ^ao^ = lahkf represents B(yme locus passing through the 
intersection of the parabola and chord ; then see Art. 61. 

CHAPTER IX. 
1. -j^, 3. y + ex =s a; the intercept on the axis of 

a: = - j and the intercept on the axis of y = a. 3. y + ae^ = - . 

4. The excentricity is determined by e* + e' = 1. 5, y = - (a? + a) ; 

Vx h 

y = -r; the lines are parallel if 2e' = l. 6. y = — (aj-ae); 

the abscissa of the point of intersection is -= 5 * 

7. y = -(l+6)(a;-a);tan *= -.. 8. — 7= ,/ ^ / . 

a' b' 

9. The co-ordinates of the point are x = -j^-x — r^v , y = -77-3^ — tsx • 

a h 

10. The co-ordinates of the point are a? = -7^ , y=-ni - 

19. It will be found that the circle falls entirely without the 
ellipse if the inclination of the two parallel straight lines to the 

6W X V 

major axis be greater than tan"* -j- . 22. - cos <^ + ~ sin <^ = 1. 
25. The co-ordinates of the required point are ^--^ «-» 

y=- / "^ ^ : the lines are parallel when e*+e*=l. 

28. a:* + y"-a(a« + a/)-yy' + a6»'=0. 30. If the point (A, A) b«. 
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bettpeen the directrioes, the sum of the pexpendionlars is *i,< a-*a*\ ' 

if the point (A^ifc) be na< between the direciricesy the sam of the x>er- 

pendioolan is *■ .. 4,, — A*ri\' *^® npper or lower sign being taken 

according as A is positiye or negative. 3L A circle having its 
centre at the centre of the ellipse and radius = a + i. 

32. y = *aj*^(a*+6"). See Art 171. 34. Locus is the 
circle a* + y*=a* + 6*; this may be deduced from the second part 
of example 33. 35. See remark on Ex. 55 of Chap. vin. 

42. The first part of this example may be solved by fitK^ing the 
equation to the line passing through the points of intersection of 
the two ellipses. 45. a:*+y' = (a*+6")* (a + y). 46. Let 

A, ib be the co-brdinates of an external point; the equation 
to the corresponding chord of contact is a'kj/ + h'hx = aV ; the 
equation to the line through (h, k) perpendicular to the chord is 
(y-A;)6'A = a%(a;-A). We require that the latter line shall be 
a tangent to the ellipse ; the necessary condition may be found by 
comparing this equation with the equation y = mx + J{m'a' + 6") ; 
thus we shall obtain for the condition **«•+ AV=A'A*(a'-ft')'. 
48. a»(y' + 2yA;)+6»(aj»+2aA)=t). 52. An eUipse. 53. The 
locus is an ellipse ; if ii be the origin, A£ the axis of x, each of the 
co-ordinates of the focus is equal to half the radius of the circle. 

6 SCI/ 

54. -j^ . 55, Put acos ^ for x and 6 sin ^ for y in the 

preceding result (Art. 168); then the greatest value is -= . 

57. Let P denote a point on the ellipse, and Q the centre 

of the circle inscribed in the triangle SPH ] then if y' be the 

ordinate of P it may be shewn that the radius of the circle which 

area of triangle ^Pi7 ef/ .i.- • xi. j- x ^ r. 

= : : — 7 — %^ . r-=r^— i this IS the ordinate of Q, 

semipenmeter of triangle 1 + e ^ 

Let a/ be the abscissa of P^ then it may be shewn that the ab- 
scissa of Q is ea/ ; thus it will be found that the required locus is 
an ellipse. 58. Find the point in which SZ meets the noimal 
at S ; also find the point in which HZ' meets the normal at F\ 
it will then appear that the points coincide. 
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CHAPTER X. 

1 . »& {bx' - ay') + ya (ay' + bx') = aV. 2. Refer the ellipse 
to the diameter and its conjugate as axes. 3. See Art. 11. 
8. r(a*sin*e + 6*cos*e) = 2a6"cosft 9 and 10. Use the re- 

STilt of 8. 12. Result the same as that in Ex. 11. 13. They 

intersect when tf = and when ^ = « • l^* ^^^ equations to 

the tangents at the ends of the latera recta are (Art 205) 

r (e cos tf + sin ^) = a (1 - e*) ; r (sin ^ - 6 cos ^) = a ( 1 + e") ; 

r (e cos tf - sin fl) = a (1 - e") ; r (sin tf + e cos ^) = - a (1 + e"). 

The equations to the tangents at the ends of the minor axis are 

r sin tf = 6; r sin tf = - 6. 15. A straight line through S, 

See Art. 205. 17. cos^ = -:^i^, r=a (1 + ee'). 18. Be- 

tween- and %. 20. See Art. 208. 22. The sine of the 
a 

angle between the radius vector from the centre and the tangent 
is - , where p'(a' + 6'- r*) = a'b' by Art 196 ; then the least value 

of^ maybe shewn to be when 2r*=a*+6'. 29. It may be 

shewn that the axis of the parabola must coincide with <me 

of the axes of the ellipse, hence the latus rectum will be either 

2a' 26' 

17^ — Tax or -77-5 — T«, . 31. An ellipse. 32. An ellipse. 

J(a* + b') J{a' + b') ^ ^ 

35. Use the polar equations to FQ and pq ; see Art 205. 

38. Two 'of the sides of the parallelogmm* are determined by the 

equations - cos ^ + v siii <^ = ± 1, and the other two by the 

equations - cos (^' + ^ sin <^' = sb 1 ; see example 22 of Chap. ix. 

It may be shewn that the diagonals of the parallelogram inter- 
sect at the centre of the ellipse ; then if the centre of the ellipse 
be joined with two adjacent comers of the parallelogram the 
triangle thus formed is one fourth of the parallelogram; and 
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the area of the triangle is known by example 7 of Chap. i. 

. , haf—cbi/ , - ,. ay -^hic ._ ,«,- 

41. The abscissa is =— ^ , and the ordinate -^ . 42. The 

a 

co-ordinates of -the intersection of the tangents are found in 

Ex. 41 ; call them h and k, then use the second form given in 

Ex. 35 of Chap. ix. 44. The greatest value may be found by 

substituting for a/ and ^ their values from Art. 168; it is 

ah {J2 — 1). 47. An ellipse. 48. An ellipse referred to 

its eqttal conjugate diameters. 51. This may be solved by 

means of Ex. 50. Or we may take the usual axes, then if oj', ^ be 

the co-ordinates of F those of M will be — ^-^ — 7^^ and —^—5 — tt^ ; 

those of N will be , ", ^ and ^ ",. . Hence the solu- 
tion can be completed. 

CHAPTER XI. 
1. y* - 3aj' = - 3a'. 2. A straight line. 



CHAPTER XII. 

3. Let a line be drawn through the focus meeting the hyperbola 

in P and p and the asymptotes in Q and q ; then it may be shewn 

XI i. » 2a(e*~l) 2asin'a ^ 2a sin a sin ^ , , 

thati> = - — \ 5^= — 5 J2, Qq= — ^ g^, and the 

'^ 1-6* cos^ COS a — cos* 6 ^ cos" a - cos 6 ' 

required length is half the difference of Pp and Qq. 4. Take 

the centre of the circle as the origin, AB as the axis of x, and a 

diameter parallel to PQ as the axis of y ; then the locus is given 

by the equation y'= as' -a', and is therefore a rectangular hyperbola 

referred to conjugate diameters. 9. By example 53 of Chapter ix 

we shall obtain tana= ^^ ,*" '\ .-. (^ + a)'tan'a = yfc'-4aA: 

h+a ^ ^ ' 

.-. (A + a)'sec'a = ^+(A-a)'. 10. Both the diameters must 
meet the curve ; it will be found that this requires the conjugate 
axis to be greater than the transverse axis. 
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CHAPTER XIII. 

1. The equation may be written (aj-2y)(aj-2^-2a)=0, and 
therefore represents two pcMraMd straight lines ; a line parallel to 
them, and midway between them, will be a line of centres. 

2. A=:q9 ^ = q* 3. Two parallel straight lines. 4. A 

parabola. 6. An hyperbola if the angle A is less than ^, 

an ellipse if it is greater than ^, a straight line if it is equal to -^. 
6. The equation to the hyperbola is aV= a*^'- 4:ab'x + 35V ; the 
asymptotes are determined by the equations ay = * ( «— -s- ) 5 ^3« 
8. The locus is then a straight line which coincides with the 
equal axes. 10. XTseArt205. 11. ^^. 13. Tan-'i 

4: 

17. (1) A circle about the other focus of the given ellipse aa 
eentre; (2) an ellipse about the other focus of the given ellipse 
as focus, and having the same excentricity as the given ellipse. 
18. The equation is (y-3aj+ 1) (y-2aj + 4) = 0, and therefore 
represents two straight lines. 24. Use the result given in the 
last example to Chap, viil 26. The equation may be written 
(aj" + y» + 0^ ^2 - a") (aj» + y» - 0^ ^2 - a") = 0. 

CHAPTER XIV. 

2. Each locus is an ellipse. 4, 5, .6. Use the equation 
in Art 294. 7. The equation to the ellipse is -« + ?~8 = 1 j 

the equation to the chord of contact is -, + tf^ Ij hence the 

equation -> + fi =-« + ^ represents some locus passing through 

the points of contact 10. The equation to the hyperbola 

T. C. S. 21 
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is (y-A;)6"a5=s {x-h)a'y, 12. Let y', y" denote the two ordi- 
nates which con'espond to the same abscissa a^; then 

The equations to the normals are, hj Art 284, 

(y-y'0K+fty'0=(y"+>aO(«-«O; 

by addition (a - 6") a^ (y + 26a0 +&/= ... (1) ; 
by subtraction 6 (y + 6a/) - (a - 6*) a/ = a;- a/, 

therefore a/ (1 + 26*- a) = a: -6y (2). 

Substitute the value of of from (2) in (1) and the required equa- 
tion will be obtained. The locus is an hyperbola. 13. liocus 
a conic section, which passes through ff and By and .througb. the 
intersection of the fixed lines. 18. A circle having its centre 
on the line joining the two points. 19. Two loci, an ellipse, 

and a parabola. 20. A circle. 23. See Art. 293. 

26. Use the equation to the parabola given in Art 294, and 
the equation to the circle given in Example 21 to Chap, vl 

29. r sin 2fl = c. 30. a: V + y^^ = «^'- ^2- See Example 
30 to Chap. X. 35. An ellipse. 37. In the first case the 
locus is a circle; in the second it is a straight line. 38. A circle 

having its centre at JH. 44. — ^ + ^ = 1. 46. The equa- 

tion is y" = 4a(aj-8a). 50. The line ?-| = 0, bisects the 

chord of contact, and is therefore parallel to the axis of the para- 
bola \ if through the point (a, 0) a line be drawn making the same 
angle with the tangent at that point as the axis makes, the focus 
must be in this line j y (a + 26 cos w) + 6 (a; — a) = is the equation 
to this lina Similarly we can draw a line through the point 
(0, h) which will also contain the focus. 52, "We may take for 
the equation to one normal y = 7/ia; — am — am*, and for the other 
X = m'y—am'-a'mf^i also m^-m. Then by addition y+x=m{x-y). 
Substitute for m in the first equation and reduce ; thus we obtain 
2a {x + y) = (x-' y)". 53. We have to eliminate m between 
m(a"-6') ^ m(a'-6») 
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Sqnare and add ; we shall obtain after reduction 

^,^^ y.6-)y--6y ^^^ 



a'h'fm--^+{a'+by 



Also (y - mxy (a' + m^b') = {my + xf (w V+ V) ; 
by reduction we obtain 

(ay-6V)(m-i) = -2a^(a»+6») (2). 

From (1) and (2) 

{a' + 6») («» + 3^*) (aV + 5 V)" = (a*- bj (a V- &'«")"• 

54. Suppose the figure in Art 192 to represent the ellipse 
and the conjugate diameters. Take the equation in Example 23 
of Chapter ix. for the equation to the normal at P, and an ana- 
logous equation for the normal at D. Let Q denote the point of 
intersection of these normals, and x, y its co-ordinates. Then it 
will be found that 

aaa = (a*- 6*) sin ^ cos ^ (sin <^ - cos <^), 
hy = (6* — a*) sin <^ cos <^ (sin ^ + cos <j^). 
Similarly we can determine the co-ordinates of the point of inter- 
section of the normals at P and 2); denote this point by jR. Then 
express the area of the triangle CPR^ which is one-fourth of the 
required area. 

55. Take the centre of the square as the origin, and the axes 
parallel to the sides of the square. Then for the equation to the 
circle take ai'+y' = 2a*, and for the equation to the conic take 
^--a'=X(a5'— a"). The equation to the tangent to the circle at 
the pdnt {«,, y^ is aaj^ + yy^ = 2a^ The equation to the tangent 
to the conic at the point (a?', y^ is y^ — \xa!^ cf (1 - X). These 
equations must represent the same line. Hence eliminating X 
and x^ and y^ we shall arrive at an equation which determines 
the required locos. It will be found that this equation may be 
writt^i 

{(«^ + y^ - idr)\ {«■ («'• + j/») - 2«"s^'«} = 0. 

56. The former part follows from Art. 288. For the latter 
part proceed thus. Let a perpendicular be drawn from R on 
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the tangent TQ^ and let' B denote the intersection of this per- 
pendicular with SQ produced. Then SB=SQ'k-QS=2a; and 
TE = Tff. We hare to find the value of the perpendicular £roin 
Ton SB; denote it by r ; then r2a - twice the area of the trian- 
gle TSR Let TS^e^j and TE or TH^e^; then by uain^^ the 
known expreeaion for the area of a triangle in terms of its sides, 
we have 4m = ^(2c, V+ ^V+ ^A'- «i*- «/" 1^*)- This will 
lead to the required resultb Or thus. Let ^ denote the angle 

between HP and TP; then we shall haver rr Wsin ^=^P x p^, 

where CD is conjugate to CP ; see Arts. 181 and 193. And it 
may be shewn by Art 208 that 



/TPy «■ 



^fr-l. 



CHAPTER XV. 

6. <ya4-<y/8+<yy = 0. 10. The equation to the conic sec- 
tion being ^j8y+m^ + 9io^=0, that to A'Bis (m-k-n) a-i- ly = 0, 
that to AV is (m + n) a -»- Z/3 « 0, and that to A'B is 
(wi + w)a + (^4-«))8-wy = 0. 13. i»in + l=0. 

21. T-+—+- = 0. 24. Suppose the focus iS^ is to lie on the 

line ^a+m/34-7»y=0. Let a\ ^^ y denote the valuea of a, )3, y 
respectively for the other focus H of one of the ellipses. Then, hy 
Art 1 81, aa' = P^= y/= the square of the semi-axis minor. Hence, 

substituting in the given equation we obtain -7 + ^ + -7 = 0, that 

is, ^jS'y +mya +Wj8' = 0. This shews that the locus of ZT is a 
oonic section passing through the angular points of the triangla 

25. It will be found that the conic sections may be repre- 
sented by the equations 

(1) Pr-a'^O, (2) ya-)8'=0, (3) nfi-/=0. 

Now, (1) may be written /3 (y + j8 - 2o) - (o - /9)'= 0, 

(2) r(« + y-2j8)-08-y)' = o, 

(3) o(/3 + a-2y)-(y-a)* = 0; 
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this ahews that the tangents to the conic sections at the common 
point are given by 

these three lines intersect respectively the lines a = 0, )8 = 0, y = 0, 
in three points which all lie in the line -a + j8 + y = 0. Again, (1 ) may 
be written /8 (y + 4a + 4j8) -(a + 2)8)* = 0, and (2) may be written 
a(y + 4a + 4/8)-(/34-2a)* = 0j and this shews that y + 4o + 4j8 = 
is a common tangent of (1) and (2), and this common taagent 
meets y = at the point where j8 + a — 2y = meets it. And so on. 

26. The equation to the first hyperbola is )8y = -4-4"sin'-5-; 

similarly for the others. 27. See Art 274. 

28 and 29. These may be solved by taking oblique axes coin- 
ciding with the sides of the triangle. For instance, consider 29. 
We have aa + bp + cy = — abamC. Thus the equation may be 
written cnal3 — {ip + 7na)(absmC+€ta + bP) = 0; and taking CA 
for the axis of Xy and CB for the axis of y, we have a = x sin C, 
P = y sin C. Substitute for a and P and then to the equation in 
X and y we may apply the ordinary test ; see Arts. 272 and 278. 

30. ^l.l^^^^O. 
I m n 

31. u {mm! — m'n) = v {rd' - r^l) = to Qm!— l^m), 

32. Let S^ = Ohe the equation to the inscribed circle, Sg = 
the equation to the circumscribed circle, these equations not being 
necessarily in their simplest forms ; see Art 110. Then, if A; be 
a suitable constant, fi^j-As6', = will represent the line required. 
In this way we shall have 

a*cos*-^+j8*cos*-^ + y'cos*^ - 2)3y cos* -^^ cos* -^ 

- 2ya cos* -^ cos* -^ - 2a)8 cos* -^ cos* -^ 

- k (fiy sin ii + ya sin j5 + aj8 sin C) 
= {aa-^bp -h cy) {la-k- mP + ny), 
where l,m,n are to be found. Then by comparing like terms we 
can find l^mjU, 
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33. It may be shewn that the equation 

a 6~ 

represents a diameter ; for this equation represents a line passing 
through the intersection of the tangents at A and B, and throngli 
the middle point of AB. Hence the centre of the conic section is 
determined by 

nfi+my _ ly-^na _ ma+ip 

and then the required equation can be found. It is 

P y 

34. Assume for the required equation y = constant, that is 
y=k {aa + 6)3 + cy). Then by applying the result of Example 2 1 we 
shall obtain for the required equation (fb + ma) {aa + 5)3) — naby = 0. 
35. The equation to the conic section may be taken to be 
aP=ky*; and the equation to the line FQ will be a —fi = 0. The 
equation to the chord will be o-/3 = ifc'y. Thus A? (a - )3)" = ife"a/3 
will represent the lines joining F with the points of intersection of 
the chord and the conic section. From the symmetrical form of 
the last equation we infer that one line makes the same angle 
with the line a = which the other makes with the line )3 = 0. 



THE END. 
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